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Chapter 1
Introduction to Dynamics

BY:     JAAFAR MOHAMMED HAMZAH

M.Sc. Mechanical Engineering
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 A branch of physical science which deals with the effects of

forces on objects 

 Two parts: Statics (equilibrium of bodies) and
Dynamics (motion of bodies)

Applications:

Strength of structures and machines (houses, robots, cars, airplanes)
Vibrations (engine vibrations, bridges, wheels)
Fluid mechanics (airplanes, fluid machinery)
Electrical machines and apparatus (motors, transducers)
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Mechanics Fields of Study
 Statics
Rigid bodies in equilibrium → Forces

 Dynamics
Rigid bodies in motions → Forces and motions

 Strength of Materials (Mechanics of Materials)
Deformable bodies in equilibrium → Strength and deformation

 Fluid Mechanics
Deformable bodies in motions → Pressure and flow

 Mechanics of Machinery
Dynamics of mechanism including linkages

 Vibration
 Rigid and deformation bodies in repetitive motions
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Dynamics – Kinematics of particles
Analysis of bodies in motion

1) Kinematics
 study of the geometry of motion
 relate displacement, velocity, acceleration, and time without

reference to the source/cause of motion
2) Kinetics
 study of the relations existing between the forces acting on a

body, the mass of the body, and the motion of the body
 To predict the motion caused by given forces or to determine

the forces required to produce a given motion.

Rectilinear motion: position, velocity, and acceleration of a
particle as it moves along a straight line
Curvilinear motion: position, velocity, and acceleration of a
particle as it moves along a curved line
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Applications of Dynamics

Robot Arm
Car Engine
Vehicle Dynamics
braking /accelerating
 cornering

Planetary Gear
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Who Is Newton?
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Chapter 2
Kinematics of Particles

BY:     JAAFAR MOHAMMED HAMZAH

M.Sc. Mechanical Engineering
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Kinematics of Particles

What is Kinematics of Particles?
 Study of motion of bodies (assumed as particles)

without reference to forces

 Kinematics of Particles "describes" motion of particle,
generally, the relations between
Position/displacement

velocity

Acceleration

Easy example: A car
Given the velocity as a function of time, how far did the car moved for a
given period of time? What is the acceleration at each point in time?
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Kinematics of Particles

Topics
One dimension
Rectilinear
 Two dimensions
 Rectangular Coordinates (x-y)

 Normal and Tangential Coordinates (n-t)

 Polar Coordinates (r-θ)
Relative Motion
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2/2 Rectilinear Motion
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Rectilinear Motion
= Motion in a straight line

1. Displacement and Instantaneous Velocity

2. Instantaneous Acceleration

3. Graphical Interpretation

4. Special Case: Constant Acceleration

5. Examples
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Rectilinear Motion
1. Displacement and Instantaneous Velocity
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Rectilinear Motion
2. Instantaneous Acceleration
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Rectilinear Motion
Notes on directions
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Rectilinear Motion
3. Graphical Interpretation
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Rectilinear Motion
3. Graphical Interpretation
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Rectilinear Motion
4. Special Case: Constant Acceleration
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Rectilinear Motion
Example 1:
The velocity of a particle which moves along the s-axis is given by= 2 − 4 + 5 / , where is in seconds and is in meters per
second. Evaluate the position , velocity , and acceleration when= 3 . The particle is at the position = 3 when = 0.
Solution:
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Rectilinear Motion
Example 2:
The main elevator A of the CN Tower in Toronto rises
about 350 m and for most of its run has a constant speed
of 22 km/h. Assume that both the acceleration and

deceleration have a constant magnitude of g and

determine the time duration t of the elevator run.

Solution:
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Rectilinear Motion
H.W 1:
The car traveling at a constant speed = 100 km/h on the level
portion of the road. When the 6-percent (tan = 6/100) incline is
encountered, the driver does not change the throttle setting and
consequently the car decoration at the constant rate g sin . Determine
the speed of the car (a) 10 seconds after passing point A and (b) when= 100m.

H.W 2: Solve problems: 2/5, 2/10, 2/44 in the Book (Meriam 6th Edition).
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2/3-6 Plane Curvilinear
Motion

BY:     JAAFAR MOHAMMED HAMZAH

M.Sc. Mechanical Engineering
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Plane Curvilinear Motion

= Motion in a plane (2 dimensions)


1. Rectangular Coordinates (x-y)

2. Normal and Tangential Coordinates (n-t)

3. Polar Coordinates (r-θ)
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Plane Curvilinear Motion
1. Rectangular Coordinates (x-y)

2. Normal and Tangential Coordinates (n-t)

3. Polar Coordinates (r-θ)

Notes: Usage will depend on the situation.
Usually, more than one system can be used.
Many times more than one system is needed at the same time
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2/4 Rectangular
Coordinate (x-y)

Projectile MotionA model of the x-y tableMotorized x-y table

Applications:
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1. Rectangular Coordinates (x-y)

Position vector:
Velocity vector:
Acceleration vector:

Magnitude & Direction
- Pythagoras

- Trigonometry (sine and
cosine laws, etc.)
eg.
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1. Rectangular Coordinates (x-y)
Projectile Motion
For the shown axis, it
can use the laws of
motion with constant
acceleration in the
projectile motion
application as follows:

Note1: if the projectile is
directed upward then:

Else if it directed
downward then: Note2: always const. then: ax= 0
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1. Rectangular Coordinates (x-y)
Example 1:

Solution:
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1. Rectangular Coordinates (x-y)
Example 2:
Given: Projectile fired off a cliff as shown:

Find: x at impact and ymax

Solution:
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1. Rectangular Coordinates (x-y)
Example 3:
A projectile is launched from point A with
an initial speed shown. Determine the
minimum value of the launch angle α for
which the projectile will land at point B.

Solution:
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1. Rectangular Coordinates (x-y)
Example 4:

Solution:
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H.W1:

H.W 2:

Ans. (a): (x,y)=(30 ft,28.3 ft )

(b): (x,y)=(99.6 ft,0 )
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2/5 Normal and 

Tangential 

Coordinate (n-t) 
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 Introduction 

 Velocity 

 Acceleration 

 Special Case: Circular Motion 

 Examples 

2. Normal And Tangential Coordinate (n-t) 
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 Most convenient when position, velocity, and 

acceleration are described relative to the path of the 

particle itself 

 Origin of this coordinate moves with the particle (Position 

vector is zero) 

 The coordinate axes rotate along the path 

 t coordinate axis is tangential to the path and points to the 

direction of positive velocity. 

 n coordinate axis is normal to the path and points toward 

center of curvature of the path. 

 

2. Normal And Tangential Coordinate (n-t) 
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Applications 

 Moving car 

 Forward/backward velocity and 

forward/backward/lateral acceleration make more 

sense to the driver. 

 Brake and acceleration forces are often more 

convenient to describe relative to the car (in the t 

direction) 

 Turning (side) force also easier to describe relative to 

the car (in the n direction) 

2. Normal And Tangential Coordinate (n-t) 
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Velocity 

2. Normal And Tangential Coordinate (n-t) 

Notes: 

 The center of curvature C can move 

 Radius of curvature ρ is not constant 
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Velocity 

2. Normal And Tangential Coordinate (n-t) 
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Acceleration 

2. Normal And Tangential Coordinate (n-t) 

> 0 
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2. Normal And Tangential Coordinate (n-t) 

If speed is increasing at // v // et 

If speed is decreasing at // - v // - et 

 

an is always directed toward the center of curvature 

Acceleration 

The arrows show the acceleration of a particle is moving from A to B 

Directions of at and an 
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v and at 
The formula for the velocity/acceleration in the t direction 

is the same as those of rectilinear motion. 

2. Normal And Tangential Coordinate (n-t) 

= change in 
speed 
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Geometric representation 

2. Normal And Tangential Coordinate (n-t) 
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Special Case: Circular motion 

2. Normal And Tangential Coordinate (n-t) 
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Example 1: Car on a hill 

Ans: 

2. Normal And Tangential Coordinate (n-t) 
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Write the vector expression of the acceleration a of the 

mass center G of the simple pendulum in both n-t and x-y 

when  

Example 2: Pendulum 

2rad/s 2.45  and rad/s 2 ,60  

2. Normal And Tangential Coordinate (n-t) 
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Pin P in the crank PO engages the horizontal slot in the 

guide C and controls its motion on the fixed vertical rod. 

Determine the velocity and the acceleration of the guide C 

if a) 

   b) 

Example 3: Crank and Slot 



Ans: a) 

        b) 

2. Normal And Tangential Coordinate (n-t) 

0

0 

 sinry  cos2ry

0y  sinry
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Example 4: Baseball 

Ans: a) 105.9 m, -4.91 m/s2 

     b) 68.8 m, 0 m/s2 

2. Normal And Tangential Coordinate (n-t) 

A baseball player releases a ball with the initial conditions 

shown. Determine the radius of curvature of the trajectory 

a) just after release and b) at the apex. For each case, 
compute the time rate of change of the speed. 
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2/6 Polar 

Coordinates (r-θ) 
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 Position 

 Time derivative of unit vectors:       and 

 Velocity 

 Acceleration 

 Special Case: Circular Motion 

 Examples 

3. Polar Coordinates (r-θ) 
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Applications 

3. Polar Coordinates (r-θ) 
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Position Vector 

3. Polar Coordinates (r-θ) 
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Velocity 

3. Polar Coordinates (r-θ) 

Time derivative of unit vectors 
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3. Polar Coordinates (r-θ) 
Time derivative of unit vectors 
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Velocity 

3. Polar Coordinates (r-θ) 

Acceleration 
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3. Polar Coordinates (r-θ) 
Acceleration 
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3. Polar Coordinates (r-θ) 
Circular Motion 
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Example 1: Robot Arm 

3. Polar Coordinates (r-θ) 

Ans: 



2103-212 Dynamics, NAV, 2011 11 

Example 2: Hydraulic Cylinder 

3. Polar Coordinates (r-θ) 

Ans: -0.75 m/s, 7.5 rad/s, 9.74 m/s2,  

65 rad/s2 
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Example 3: Two links 

3. Polar Coordinates (r-θ) 

Ans: 
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Three Coordinates (x-y, n-t, r-θ) 
x-y n-t r-θ 

Origin fixed moving with 
particle 

fixed 

Unit vectors fixed 

moving with 

particle (tangent 

and normal to the 
path/velocity) 

moving with 

particle (along and 

normal to the 
radius) 

Applications Projectile motion Airplane, Car, 
Rocket 

Radar, Satellite 

Dish, Slotted link, 
Robot arm, Cable 

Keywords Horizontal, vertical 

Path, Radius of 

curvature, normal, 

tangential, change 
in speed 

Radial, transverse 
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2/8 Relative 

Motion (translating 

axes) 
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 Introduction 

 Velocity and acceleration relation 

 Choices of coordinates 

 Examples 

Relative Motion 
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 Absolute Motion 

 Motions relative to a non-moving and non-rotating reference 

frame is called absolute motion. 

 For engineering problems on earth, a reference frame fixed on 

earth is considered fixed (or not moving and not rotating). 

 A fixed observer on earth that is not moving and not rotating can 

be used to observe absolute motions of bodies. 

 Relative Motion 

 However, many times motions are often easier to describe relative 

to a moving reference frame or moving observer. 

 Here we will look at motions relative to translating reference 

frame; i.e., moving but not rotating. 

Relative Motion 
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Relative Motion 
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Relative Motion 

Suppose a man is walking on a really long moving walkway 
shown in the picture. The moving walkway as a constant 
speed of 0.5 m/s. The man is walking at a constant speed of 
1 m/s relative to the walkway. Suppose he dropped his hat 
but did not notice. So, he kept walking. After 30 second, he 
found out that he dropped his hat. So, he turned back and 
started walking back to get this hat at the same speed as 
before. How long will it take for the man to walk back to his 
hat? 
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Relative Motion 

Fixed reference frame Moving reference frame (translating only) 
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Relative Motion 
v and a relationship 
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Relative Motion 
Choices of coordinates 
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Example 1: Two planes 

Ans: 717 km/h 

Relative Motion 
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Example 2: Two cars 

Ans: vA/B = 15i - 22.5j m/s, aA/B = 4.5j m/s2 

Relative Motion 
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Example 3: Two planes 

Ans: v = 206 km/h, a = 0.457 m/s2 

Relative Motion 
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1. One Degree of Freedom 
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interconnected particles. 
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������ �� �
��
�� ����� ���
� ���� ������ ����� ��
�� ��
����
��
���������
�����2�����"�
��
���
���%�����������

������ )�3� �� �
�� ������
	� ��� )�(� �!��� ��
�������

���
�����������
����������������� �%�
���������
	�����


�������"���������
�������%�����
���
���(����

���������

Block/cable A:   �����������	�
�����
�����������������������������������������	�����	��������	���������	�����

Block/cable B:           �����
�	������
���������������������������������������
�	�����	������
�	���������
�	������

a)  

 

 
b)  

 

�



1





Problem Solution of
Chapter Two Lectures

BY:     JAAFAR MOHAMMED HAMZAH

M.Sc. Mechanical Engineering
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Rectilinear Motion
H.W 1: The car traveling at a constant speed = 100 km/h on the
level portion of the road. When the 6-percent (tan = 6/100) incline is
encountered, the driver does not change the throttle setting and
consequently the car decoration at the constant rate g sin . Determine
the speed of the car (a) 10 seconds after passing point A and (b) when= 100m.

Solution:
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H.W 2:

Solution:
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Solution:
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Solution:
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1. Rectangular Coordinates (x-y)

Solution:
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Solution:
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2. Normal And Tangential Coordinate (n-t)

Solution:
4 ft
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Example 4: Baseball Player
A baseball player releases a ball with the initial conditions shown.
Determine the radius of curvature of the trajectory:
a) Just after release b) At the apex. c) At t = 1 sec.
For each case, compute the time rate of change of the speed ̇ .

Solution: a) &   b)

c)

vo = 100 ft/s

θ= 30o
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3. Polar Coordinates (r-θ)

Solution:

in terms of i,j :
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Solution:
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Solution:
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Relative Motion

Solution:
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Example 3: Two planes

Solution:
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Constrained Motion
Exercise2:

Solution:
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Solution:
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Chapter 3 

Kinetics of Particles 
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 Introduction 

Kinetics is the study of the relations between 
unbalanced force and the resulting changes in 
motion, i.e. F vs r, v, a. 

 The three approaches 

A. Direct Application or Force-Mass-Acceleration 

B. Work and Energy 

C. Impulse and Momentum 

 Special Applications 

 Impact 

3. Kinetics of Particles 
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3-1 Force, Mass, 

and Acceleration 
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 The main equation is the Newton’s second law. 

 

 

 Combine it with coordinate systems studied in 

Chapter 2 to solve engineering problems 

3-1. Force, Mass, and Acceleration 
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Free Body Diagram 

3-1. Force, Mass, and Acceleration 

 A free-body diagram must be drawn to correctly 

evaluating all forces involved in Newton’s second 

law. 

 Procedures 

 Clearly draw an isolated body 

 Define coordinate system and their positive directions 

 Add all the forces (contact and non-contact) acting on 

that body 
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Rectilinear vs Curvilinear 

3-1. Force, Mass, and Acceleration 
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Example 1: A log and a pulley 

3-1. Force, Mass, and Acceleration 

Ans: 4.62 m/s 
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Example 2: An accelerometer 

3-1. Force, Mass, and Acceleration 

Ans: 818 N/m 
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Example 3: A Conveyor  

3-1. Force, Mass, and Acceleration 

Ans: N = 3mgsin(θ), ω=√(2gR) /r 
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Example 4: A Conical dish  
3-1. Force, Mass, and Acceleration 

Ans: 3.41 ≤ ω ≤ 7.21 rad/s 
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Example 5: A car on a curve  
3-1. Force, Mass, and Acceleration 

Ans: 7.83 kN, 11.34 kN, 7.83 kN  
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3/6 Work and 

Energy�
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�   1. Work and Kinetic Energy  
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3-6. Work and Energy 
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�

1. Introduction  
��Recall Newton’s second law and notice that this is an 

instantaneous relationship���

��When we want to see changes in velocity or position due to 
motion��we have to integrate Newton’s second law by using 

appropriate kinematic equations.  

��However��we may integrate Newton’s second law directly and 

avoid solving for acceleration first.  

��In general��there is two classes of problems  
��Integration with respect to displacement � Work-Energy equation � 

velocity between two positions of a particle or system’s 
configurations.  

��Integration with respect to time � Impulse-Momentum equation � 
changes in velocity between two points in time.  

�



�

3-6. Work and Energy 

��

�

2. Definition of Work  
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3-6. Work and Energy 
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3. Calculation of Work 
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3-6. Work and Energy 
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�

4. Work Constant External Force 
 

 

�

�

�

�

�

�

�

5. Work of Weight 
����

�

� �

��Consider the constant force 

� applied to the body as it 

moves from position 1 to 2. 

��The work done on the body 

by the force is: 

��The work done due to 

Weight is: 
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3-6. Work and Energy 
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6. Work of Linear Spring   
 

 

 

 

 

 

 

�

�

�

�

�

�

��Work done on the spring by 
the body � use F  

��Work done on the body by the 
spring � use P = -F  

��Thus work done on the body 
by the spring is � � � �  

��Linear spring F = kx  

where F is the force 
acting on the spring to 
compress/extend 

  



�
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	�
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7. Work and Curvilinear Motion 
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8. Work and Kinetic Energy 
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3-6. Work and Energy 
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8. Work and Kinetic Energy 
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3-6. Work and Energy 
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9. Power 
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3-6. Work and Energy 

���

�

Example 1: Crate and Chute 

Calculate the velocity � of the ����� crate 

when it reaches the bottom of the chute at � if 

it is gives an initial velocity of 	�
�� down the 

at . The coefficient of kinetic friction is �� ��. 

Solution 

� �� � �� � ��������� �� � �� ��� �� � � ����� � !��"!#�$�" ��� ��� ��������� �� � %&%�'���
� �( � ��� �)* �� � +�� � � !��"!#�$�" �)* �� � !��,"!%&%" � ��������� ��( � �����#�'��
-./0 � 1 �� 230

. � � 1 !�(�2( 4 ���2�"0
. �� �����������-./0 � � 1 �(�2(56

57 � ��(�!(6 � (7"�

��-./0 � !�����#"!��" � �����#�'� ��

-./0 � 8. � 80 � � �9 �!:66 � :76" � ����������:6 � ;-./0 !� 9"< �< 4 :76� ����:6 � ,�����=��

FBD 
��=>?�����@A=���

x 

y 



�

3-6. Work and Energy 

���

�

Example 2: Collar and Guide 

Find the work done by the force F on the collar when it moves 

from point A to any point. 

 

��
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�

�

�

�

�

Solution:�
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���

�

Example 3: Spring Bumper 

In the design of the spring bumper for a B����C� car, it is desired 

to bring the car to stop from a speed of D�C
�E in a distance 

equal to a B���

 of spring deformation. Specify the required 

stiffness C for each of the two springs behind the bumper.  

Solution 

-7/6 � 86 � 87 �-7/6 � 1 �� 236
7 � 9 F7

6 G(6H 

86 � �
9 �:66 � ����

9 I$ J �
�$K

6
� ,&�,�&�'� �� ��87 � �

9 �:76 � � 

G(6 � �
9 �:66 �� ����L �M � �

9
�:66

(6 � ��� J ����!$ J �
�$"6

!�����"6 �� ����L ��M � �N%�N�M'�� 
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Example 4: Slider 
�
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Example 5: Swinging Ball 



�

3-6. Work and Energy 

���

�

������������ �

�



�

3-7. Potential Energy 

��

�

���

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

3/7 Potential 

Energy (PE)�
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�   2. Potential Energy  

��Gravitational Potential Energy (��)�

��Elastic Potential Energy (��)�

��Alternate form of Work-KE equation��

��Examples��
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3-7. Potential Energy 
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�

1. Potential Energy  
���Gravitational PE�

���Elastic PE 
�

1.1 Gravitational PE ( �)�

��������������

�������������������������� �

�

�

�

�

Reference   
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1.1 Gravitational PE ( �)�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

� � �� ���

��Start low finish high = go up 

                  � � �� �	 

��Start high finish low = go down 
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1.2 Elastic PE ( �) 

�

�


 is how much the spring is 

compressed or extended from its 

relaxed (original length) 

�
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2. Alternate form of Work-KE equation 
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2. Alternate form of Work-KE equation 
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3-7. Potential Energy 

	�

�

2. Alternate form of Work-KE equation 

Special Case (when there is no work from the external force other 

than �� and spring). 

Law of Conservation of Mechanical Energy 

 

 

 

 
�

�

�

�
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3-7. Potential Energy 


�

�

Example 1: Spring and Slider 

 

 
 

Solution:  

����� � ������ 	 ����� � ������� 


� � ��� � ����� � ������������������
� � ����� � ����� � ����� 

��
��� � �� � �� 	 ��� 	 ���

�������
 !���

�
�
��"#�� � #��$ 	 ��% 	�

�
�
�&"
�� � 
��$ � ���� 

��
��� � �    (Law of Conservation of Mechanical Energy) 

��'"#�� � ��$ 	 � ( ��' ( '��� ( ���� 	 ��"������ � ����$ � �� 

#�� � ��"� ( ��' ( '��� ( ���� 	 ��"������ � ����$$)��'�����
�������
 !�����#� � ���*�)+�
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3-7. Potential Energy 

���

�

Example 2: Pulleys 

If the system is released from rest, determine the speeds of both 

masses after B has moved ,�-. Neglect friction and the masses of 

pulleys. 

  

 

 

�

�

�

�

Solution:  �
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3-7. Potential Energy 

���

�

Example 3: Spring and Slider 

 

                     Ans:        #. = 5.92 m/s;        /� � ����� N 
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3-7. Potential Energy 

���

�

Example 4: Pole Vault 

A 175�01 pole vaulter carrying a uniform 16�ft, 10�01 pole approaches 

the jump with a velocity # and manages to barely clear the bar set at a 

height of 18 ft. As he clears the bar, his velocity and that of the pole are 

essentially zero. Calculate the minimum possible value of # required for 

him to make the jump. Both the horizontal pole and the center of gravity 

of the vaulter are 42�23. above the ground during the approach. 

�Solution:  �
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Chapter 3 

Kinetics of Particles 
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3-3 Impulse and 

Momentum 
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 1. Linear Impulse/Momentum 

 Introduction 

Definitions 

 Impulse-Momentum Equation 

Conservation of Linear Momentum 

 2. Angular Impulse/Momentum 

Definitions 

Rate of Change of Angular Momentum 

Angular Impulse-Momentum Principle 

Plane Motion Applications 

Conservation of Angular Momentum 

3-3. Impulse and Momentum 
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 3. Impact* 

Direct Central Impact 

Coefficient of Restitution 

Energy Loss 

Oblique Central Impact 

 

3-3. Impulse and Momentum 
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3-3. Impulse and Momentum 
1.1 Introduction 

Work-Energy 

Impulse-
Momentum 
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3-3. Impulse and Momentum 
1.2 Definitions 

 The resultant force on a particle equals to its time rate 

of change of linear momentum. 

 Unit of linear momentum (SI), kg·m/s or N·s 

 In components form, e.g. 

This is a VECTOR 
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3-3. Impulse and Momentum 

1.3 Linear Impulse-Momentum Equation 
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3-3. Impulse and Momentum 

1.4 Conservation of Linear Momentum Equation 
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Example 1: Sliding block 

Ans: 1.823 m/s 

3-3. Impulse and Momentum 
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Example 2: Sliding block 

3-3. Impulse and Momentum 

Ans: 3.42 m/s 
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Example 3: Truck on a barge 

3-3. Impulse and Momentum 

Ans: 0.1935 m/s 
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3-3. Impulse and Momentum 

2. Angular Impulse and Momentum 

2.1 Definitions 
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3-3. Impulse and Momentum 
2.1 Definitions 
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3-3. Impulse and Momentum 
2.1 Components of Angular Momentum* 
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3-3. Impulse and Momentum 

2.2 Rate of Change of Angular Momentum 
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3-3. Impulse and Momentum 

2.2 Rate of Change of Angular Momentum 
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3-3. Impulse and Momentum 

2.3 Angular Impulse-Momentum Principle 
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3-3. Impulse and Momentum 

2.4 Plane Motion Application 
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3-3. Impulse and Momentum 

2.5 Conservation of Angular Momentum 
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Example 4: Rotating spheres and rod 

Ans: 5v/3L 

3-3. Impulse and Momentum 
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Example 5: Rotating spheres and rod 
3-3. Impulse and Momentum 

Ans: 0.172 rad/s CW 
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Example 6: Rotating spheres and rod 

3-3. Impulse and Momentum 
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3-3. Impulse and Momentum 

3. Impact* 

3.1 Direct Central Impact 

 Impact = collision between two bodies 

 The impact force is large and acts over short time 

 Conservation of Linear 

Momentum of the system 

(two masses) in the 

impact direction→ ΔGx=0 

 

   m1v1+ m2v2= m1v1’+ m2v2’ 
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3-3. Impulse and Momentum 

3.2 Coefficient of Restitution 

 Coefficient of Restitution (e) tells how much the 

bodies can recover from the impact 

   e =  (v2’-v1’) 

           (v1-v2)  

      = |relative velocity of separation| 

          |relative velocity of approach| 
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3-3. Impulse and Momentum 

3.3 Energy Loss 

  Usually, KE is lost into heat due to the impact 

 

 If e = 1 → No KE is lost → elastic impact 

 If 0 < e < 1 → Some KE is lost → partially inelastic 

impact 

 If e = 0 → KE loss is max → plastic or 

completely/perfectly inelastic impact [bodies sticks 

together after impact] 

 

 Note: Linear momentum of the system is still conserved! 
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3-3. Impulse and Momentum 

3.4 Oblique Central Impact 

  

 Initial and final velocities are not parallel. 

 The impact forces are in the n-direction 
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3-3. Impulse and Momentum 

3.4 Oblique Central Impact 

  
 Momentum of the system in 

the n-direction is conserved. 

   m1v1n+ m2v2n =  m1v1n’+ m2v2n’ 

 Momentum of each body in 

the t-direction is conserved 

   v1t = v1t’ 

       v2t = v2t’ 

 Coefficient of Restitution 

applies to n-direction 

   e =  (v2’-v1’) 

                   (v1-v2)  
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Chapter 5 

Plane Kinematics of 

Rigid Bodies�
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��Introduction  

��5.1 Rotation  

��5.2 Absolute Motion  

��5.3 Relative Velocity  

��5.4 Relative Acceleration  

��5.5 Instantaneous Center of Zero Velocity  

��5.6 Motion Relative to Rotating Axes  
�

5. Plane Kinematics�
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1. Rotation about a Fixed Axis 

Acceleration 

 

           

��Direction of � is given using the 
right-hand rule.  

�
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Example 1: Rotating arm 

The rotating arm starts from rest and acquires a 

rotational speed � � �������	
�� in  seconds 

with constant angular acceleration. Find the time t 

after starting before the acceleration vector of end � 

makes an angle of ��� with the arm ��.  

 

 

 

 

 

Solution 
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Example 2: V-belt pulleys 

 The two V-belt pulleys form an integral unit and rotate about the fixed axis at 

�. At a certain instant, point � on the belt of smaller pulley has a velocity 

�� � ���
 �� , and point � on the belt of the larger pulley has an acceleration  

�� � ��
 ���  as shown. For this instant determine the magnitude of the 

acceleration �� of point � and sketch the vector in your solution. 

  

 

 

 

 

Solution 
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Example 3: L-shaped bar  
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Example 4: Right-angle bar  

The right-angle bar rotates about the z-axis through � with an angular 

acceleration � �  ��! ���  in the direction shown. Determine the velocity and 

acceleration of point � when the angular velocity reaches the value " � ���!	�. 
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Example 5: Rectangular plate 

The rectangular plate rotates clockwise about its fixed bearing at �. If edge BC 

has a constant angular velocity of ����!	�, determine the vector and scalar 

expressions for the velocity and acceleration of point A using the coordinates 

given. [Check your solution using scalar relations]. 

     �����������#� �� ���$� % ��$&�
	��

                   �� � %���$� % ����$&
 ���  

 

 

 

 

H.W: Solve Problems: (5.9, 5.17 and 5.26). “Engineering Mechanics Dynamics, 

6th edition, Meriam & Kraige”. 
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Absolute motion of rigid 

bodies is described by using 

the geometric relations 

which define the 

configuration of the body 

involved and then proceed to 

take the time derivatives of 

the defining the geometric 

relations to obtain velocities 

and accelerations. 

For Example: 

 Linkages control 

mechanism 
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5.2 Absolute Motion�
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�������������������� to find velocity and acceleration relation between 

two points (or a point and a line, or two points): 

 

� Draw the diagram of the problem with all dimensions. 

� Write the positional relations between the variables. 

� This relation must hold the duration of motion.  

(Not at just the current position). 

� Differentiate it to obtain velocity and acceleration relation. 
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Example 1: Link 

Point � is given a constant acceleration � 

to the right starting from rest with � 

essentially zero. Determine the angular 

velocity � of link �� in terms of � and �.  

 

 

 

 

   

 

Solution 
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5.2 Absolute Motion�
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Example 2: Thin bar 

   Calculate the angular velocity � of the slender 

bar �� as a function of the distance � and the 

constant angular velocity �� of the drum. 

 

 

 

 

 

 

Solution 



�

5.2 Absolute Motion�

��
��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������	
��������

Example 3: Wheel 

  The wheel of radius � rolls without slipping, and its center � has a constant 

velocity 	� to the right. Determine expressions for the magnitudes of the velocity 


 and acceleration � of point � on the rim by differentiating 

 its x- and y-coordinates. Represent your results graphically 

as vectors on your sketch and show that 
 is the vector sum 

of two vectors, each of which has a magnitude 	�. 

  

 

 

 

 

Solution 
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Example 4: Telescoping link 

   The telescoping link is hinged at , and its end � is 

given a constant upward velocity of �������� by the 

piston rod of the fixed hydraulic cylinder �. Calculate 

the angular velocity ��  and the angular acceleration ��  

of link � for instant when � � �����. 

 

 

 

 

 

Solution 
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Example 5: Car hoist  

Derive an expression for the upward velocity 	 

of the car hoist in terms of �. The piston rod of 

the hydraulic cylinder is extending at the rate ��. 
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Example 6: Plunger and roller 

 Determine the acceleration of the shaft B for � � ��� if 

the crank � has an angular acceleration  �� � �������  

and an angular velocity �� � !������ at this position. The 

spring maintains contact between the roller and the 

surface of the plunger. 
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Example 7: Link  

 The rod � slides through the collar pivoted to the link at �. 

If "� has an angular velocity # � $������ for an interval of 

motion, calculate the angular velocity of � when � � !%�. 

 

 

 

 

 

 

Solution 
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Example 8: Link 

 Link � revolves counterclockwise with an 

angular velocity of $������. Link �� slides 

through piloted collar at ". Determine the 

angular velocity # of �� when � � !��. 

 

  �&�'�����       

 

                                                   �
�
( ����#� � �'��%� ��� �)*+ ��

  

 

H.W: Solve Problems: (5.39, and 5.58). “Engineering Mechanics Dynamics, 6th 

edition, Meriam & Kraige”. 
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1. Introduction 

��We will apply concepts on relative motion from 

kinematics of a particle to a rigid body.  
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Example 1: Link and Slot 

 

 

 

 

  

 

 

Solution 
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Example 2: Square 

  

 

 

 

 

Solution 
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Example 3: Crank 

Crank  �� oscillates about � through a limited arc, causing crank �� to oscillate 

about �. When the linkage passes the position shown with �� horizontal and �� 

vertical, the angular velocity of �� is ����	
� counterclockwise. For this instant, 

determine the angular velocities of �� and ��. 

                                           �
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Example 4: Triangle 
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Example 5: Linkages 
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Example 6: Telescoping Link    
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Example 7: Wheel   * 

 
   

 

Page (359) “Engineering Mechanics Dynamics, 6th edition, Meriam & Kraige”. 
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Example 8: Reciprocating engine   * 

 
 

 

   

 

 

 

 

Page (361) “Engineering Mechanics Dynamics, 6th edition, Meriam & Kraige”. 
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Example 9: Cylinder 
 

 

 

 

Ans.     

 

 

 

 

 

H.W: Solve Problems: (5.755th or 5.816th and 5.815th or 5.876th). “Engineering 

Mechanics Dynamics, 6th edition, Meriam & Kraige”. 
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5-4 Relative Acceleration

BY:     JAAFAR MOHAMMED HAMZAH

M.Sc. Mechanical Engineering



5.3 Relative Acceleration
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1. Introduction

We will apply concepts on relative motion from

kinematics of a particle to a rigid body.

where A and B are two points on the rigid body.
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Solution



5.3 Relative Acceleration

6
J AAFARMOHAMMEDHAMZAH



5.3 Relative Acceleration

7
J AAFARMOHAMMEDHAMZAH

Example 2: Crank

Solution
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Example 3:
For the Linkage, if OA has a constant CCW

angular velocity = 10 / , calculate the of
link AB for the position where the coordinates of A
are = 60 and = 80 . Link BC is vertical
for this position. Solve by using vector algebra.= 5.83 / and = 2.5 / .

Solution: ⇒
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Example 4:

Solution
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Example 5:

Solution
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Example 6:

Hint:
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5-5 Instantaneous Center
of Zero Velocity
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5.5 ICZV

2
J AAFARMOHAMMEDHAMZAH

1. Introduction

For a moving body, at each instant of time, there is
always a point with zero velocity.

 This point is called the Instantaneous Center of Zero
Velocity or ICZV.

Examples:

A rotating link                        A train on a circular track
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1. Introduction

NOTES:
 ICZV is a point on the body that, at that instant, has zero

velocity.

 ICZV may be on the body or anywhere else

 ICZV may be located at infinity.

 ICZV will usually not be the same point on the body all the
time

 ICZV can be used to calculate velocity only.

 The body will appear to rotate about ICZV.

 Acceleration of the ICZV will not be zero.
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2. Locating ICZV
1. Fixed Axis Rotation
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2. Locating ICZV
1. Fixed Axis Rotation



5.5 ICZV

6
J AAFARMOHAMMEDHAMZAH

2. Locating ICZV
1. Fixed Axis Rotation
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Example 2:

Solution
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Example 3:

Solution
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Example 4: Solution
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Example5: Find the ICZV's:

(a) (b) (c) H.W (d) H.W
a) b)



5.5 ICZV

12
J AAFARMOHAMMEDHAMZAH

Example6:

Ans. = 0.0750 ⁄ ←
H.W: Solve Problems in "Engineering Mechanics Dynamics, Meriam & Karaige",
(5.119&5.121), 6th Edition; or (5.81&5.105), 5th Edition.
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Chapter 6 Plane
Kinetics of Rigid Bodies
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6.1 Force, Mass, and Acceleration

2
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1. Introduction
2. Force Equation
3. Moment Equation (about G)
4. Kinetic Diagram
5. Moment Equation about Other Point
6. Translation
Rectilinear
Curvilinear
7. Fixed Axis Rotation
8. General Plane Motion



6.1 Force, Mass, and Acceleration

3
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1. Introduction
A free body diagram is required.
Three Newton’s laws of Motion are used.
The second law has two equations,

force equation
moment equation
both applies simultaneously.
Proofs are in Chapter 4: Systems of Particles.
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2. Force Equation

3. Moment Equation (about G)
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Example 1:

Solution:
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Example 2:

Solution:
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Example 3:

Solution:
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Example 4:

Solution
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Example 5:

Solution:
"Mechanical Engineering Dynamics", 6th Edition, Meriam, Page 431.
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Example: H.W
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6-2 Work and 

Energy 
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6-2 Work and Energy 
 1. Introduction 

 2. Work 

 3. Kinetic Energy 

 4. Work - Energy Equation 

 5. Conservation of Energy 
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6-2 Work and Energy 

1. Introduction 



2103-212 Dynamics, NAV, 2011 4 

2.1 Work of a Force 

2.2 Work of a Couple (a kind of Moment) 

6-2 Work and Energy 



2103-212 Dynamics, NAV, 2011 5 

3. Kinetic Energy 
 1. Translation Only 

 

 

 2. Fixed Axis Rotation 

 

 

 3. General Plane  

 

 

 Note: Rotation about ICZV  

or 

6-2 Work and Energy 
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4. Work – Energy Equation 
6-2 Work and Energy 
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Example 1: 
6-2 Work and Energy 
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Example 2: Ventilator Door 

The figure shows the cross section 

of a uniform 100-kg ventilator door 

hinged about its upper horizontal 

edge at O. The door is controlled by 

a spring-loaded cable which passes 

over the pulley at A. The spring has 

a stiffness of 200 N/m and is 

undeformed when θ = 0. If the door 

is released from rest in the 

horizontal position, determine the 

door’s maximum ω and the 

corresponding angle θ. 

6-2 Work and Energy 
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Example 3: Rolling Wheels 
Each of two wheels has a mass of 30 kg and a radius of 

gyration of 100 mm. Each link OB has a mass of 10 kg. The 7-

kg collar at B slides on the fixed vertical shaft with no friction. 

The spring has the stiffness k = 30 kN/m and is contacted by 

the collar when θ = 0o. If the collar is released from rest at θ = 

45o and the wheels do not slip, determine a) vB when θ = 0o and 

b) maximum deflection of the spring.  

6-2 Work and Energy 
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6-3 Impulse and 

Momentum 
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6-3 Impulse and Momentum 

 1. Introduction 

 2. Linear Impulse and Momentum 

 3. Angular Impulse and Momentum  

 4. Conservation of Momentum 
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1. Introduction 

Applications: 

6-3 Impulse and Momentum 
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2. Linear Impulse and Momentum 
6-3 Impulse and Momentum 
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2. Linear Impulse and Momentum 

Notes: 

 Even when the wheel is rolling without slipping, the friction 
will have impulse! 
 However, recall that friction have no work if the wheel is 
rolling without slipping. 

6-3 Impulse and Momentum 
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3. Angular Impulse and Momentum 

3.1 About G 

6-3 Impulse and Momentum 
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3. Angular Impulse and Momentum 

3.2 About Any Fixed Point 

6-3 Impulse and Momentum 
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3. Angular Impulse and Momentum 

3.3 About the Fixed Axis 

6-3 Impulse and Momentum 
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4. Conservation of Momentum 
6-3 Impulse and Momentum 
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Example 1: Rolling Wheel 

6-3 Impulse and Momentum 
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Solution: Example 1 

6-3 Impulse and Momentum 
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Example 2: 

Each of the two 300-mm rods A 

has a mass of 1.5 kg and is 

hinged at its end to the rotating 
base B. The 4-kg base has a 

radius of gyration of 40 mm and 

is initially rotating with a speed of 

300 rev/min. If the rods are 

released to fall down to the 

horizontal positions, calculate 
the new rotational speed. 

6-3 Impulse and Momentum 
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Fixed Axis Rotation:

= ( ) == ( ) =
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The moments of inertia of a plane area A

about - and - axes in its plane and about

- axis normal to its plane are defined by:

It is the force ( × ) multiplied by the radius

of the rotation. Thus, it is:

Mass Moment of Inertia (I):

Area Moment of Inertia (Ix, Iy, Iz):
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It's easily to determine moment of inertia
about any axis parallel to the mass center, as:

: Moment of inertia about G
: Perpendicular distance to C

Radius of Gyration (k):

Parallel Axis Theorem:

G
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Mass Moment of Inertia (Iabout axis): (Look up TABLE D/4 in the Book)
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Example 1:

Solution:
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Example 2:

Solution:
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Example 3:

Solution:
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Example 4:

Solution:
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Example 5:

Solution:
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Example: H.W1

Ans.
Example: H.W2

Ans.
Example: H.W3:
Solve Problem 6.54, Page 448. "Mechanical Engineering
Dynamics", 6th Edition, Meriam. Ans.:
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General Plane Motion:
The rigid body is subjected to general plane motion caused by
external applied force and couple-moment system. The three
equations of motion may be written as:

=

=
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Friction Rolling Problems
There is a class of planer kinematics problems which deserves
special motion. These problems involve wheels, cylinder, disk, or
bodies of similar shape, which roll on a rough plane surface.

 Rolls without slipping

=

→ [∑ = ( ) ; − = ] … (1)↑ ∑ = ( ) ; − = 0 … (2)↷ [∑ = ; ∙ = ] … (3)
Three equations with
four unknown variables:
( , , , ) we need to
another equation.
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 No slipping:
If the friction force F is greater enough to allow the disk to roll
without slipping [ = ] … (4)===
When the solution is obtained, the assumption of no slipping must
be checked.
Recall that no slipping occurs provided must be reworked, then
the disk slips as it rolls.

]تحققت المعادلة إذا  ≤ ∙ .فالفرضیة صحیحة وإلا فالفرضیة خاطئة[

Only for cylinder
rolling without
slipping.

ɵ ̅ɵ
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 Slipping:
If the case of slipping, and , are independent of one other so
that eq.(1) doesn't apply. Instead, the magnitude of the fractional
force is related to the magnitude of the natural force using is :[ = ∙ … (5)]

في حالة یستخدم : معامل الاحتكاك السكونيNo Slipping.

 في حالةیستخدم: الكینماتیكيمعامل الاحتكاكSlipping.
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Example 1:

Solution:
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Example 2:
Repeate Example 1, except let

Solution:
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Example 3:

Solution:



6.5 General Plane Motion

9
J AAFARMOHAMMEDHAMZAH

Example 4:
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Solution:
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Example 4:

Solution:
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H.W:

Ans. α = -2.12 rad/s2, a = 0.425 m/s2, F = 19.38 N

Ans. α = 0.295 rad/s2, a = 1.027 m/s2, F = 17.62 N

Ans. α = 0.1121 rad/s2, a = - 0.0224 m/s2, F = 10.82 N
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