Chapter 48

Standard integration

48.1 The process of integration

The process of integration reverses the process of
differentiation. In differentiation, if f(x)= 2x% then
f’(x) = 4x. Thus the integral of 4x is 2x2,ie. integration
is the process of moving from f’(x) to f(x). By similar
reasoning, the integral of 2f is £%.

Integration is a process of summation or adding parts
together and an elongated S, shown as f , 1s used to
replace the words ‘the integral of’. Hence, from above,
[ 4x=2x?and [ 2tis 1*.

d
In differentiation, the differential coefficient cd indi-

cates that a function of x is being differentiate)é with
respect to x, the dx indicating that it is ‘with respect to
x'. In integration the variable of integration is shown by
adding d(the variable) after the function to be integrated.

Thus f 4x dx means ‘the integral of 4x
with respect to x’,
and / 2t dt means ‘the integral of 2¢

with respect to ¢’

As stated above, the differential coefficient of 2x2 is 4x,
hence f 4x dx = 2x2. However, the differential coeffi-
cient of 2x* 4 7 is also 4x. Hence [ 4xdx is also equal
to 2x% 4 7. To allow for the possible presence of a con-
stant, whenever the process of integration is performed,
a constant ‘¢’ is added to the result.

Thus/4xdx=2x2+c and f2tdt=t2+c

‘¢’ is called the arbitrary constant of integration.

48.2 The general solution of

integrals of the form ax"

The general solution of integrals of the form | ax"dx,
where a and n are constants is given by:

+1
/ax"dx = ot +c
n+1

This rule is true when 7 is fractional, zero, or a positive
or negative integer, with the exception of n = —1.
Using this rule gives:

3x4+1 3
. 45 _ 2.5
@) /3x dx—4+1 +c—5x +c

2 —2+1
(i) / —dx= / 2x 2dx = al
-2+ 1

257! -2
= +c¢c=—+c,and
-1 X

1 +1

(iii) ffdx—/ 120x = +c

—+1
2+
3 2
X
_ 2 /3
=3 +c_3 x’+c
2

Each of these three results may be checked by differen-
tiation.

(a) Theintegral of a constant k is kx + ¢. For example,

/8dx=8x+c
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(b) When asum of several terms is integrated the result
is the sum of the integrals of the separate terms.
For example,

f (3x 4 2x> — 5)dx

:/3xdx+/2x2dx—/5dx

_3x2+2x3 5x +c¢
) 3

48.3 Standard integrals

Since integration is the reverse process of differentia-
tion the standard integrals listed in Table 48.1 may be
deduced and readily checked by differentiation.

Table 48.1 Standard integrals

n+1
@) /ax dx—ax

(except when n=—1)

1
(i1) /cosaxdx:—sinax—l—c
a

1
(iii) /sinaxdx:——cos ax+c
a

1
@iv) sec? axdx = — tanax + ¢
a
) 1
(v) | cosec“axdx =——cotax+c
a
. 1
(vi) | cosecax cotax dx = ——cosec ax + ¢
a
.. 1
(vii) | secaxtanaxdx= —secax+c
a
1
(viii) | e*dx=—-e™+c
a

1
(ix) / —dx=Inx+c
X

Problem 1. Determine:

(@) / 5x2dx  (b) / 283 dt

axn+l

n+1

The standard integral, / ax" dx = +c

(a) When a=>5 and n =2 then

52+1 53
/szdx: 2x+1 +c=%+c

(b) When a=2 and n=3 then

213+ 21t 1
/2t3dt= T +C=T+c=zt4+c

Each of these results may be checked by differentiating
them.

3
Problem 2. Determine / (4 -+ ?x — 6x2> dx

3
/ <4 + —x —6x ) dx may be written as

/4dx+/—xdx—/6x dx

i.e. each term is integrated separately. (This splitting
up of terms only applies, however, for addition and

subtraction).
3
/ (4 + 5)6 - 6x2)dx

3 1+1 241
=4x+(—>x —(6)x +c

Hence

7)1+1 2+1

3\ x2 x3

=4 21 o=
x+(7>2 ()3+c

Note that when an integral contains more than one term
there is no need to have an arbitrary constant for each;
just a single constant at the end is sufficient.

Problem 3. Determine

3_
(a) / o3 o / (1 — 1)dr
dx

(a) Rearranging into standard integral form gives:

233 =3
/X xx—/———dx
/ 3 1\ #*t 3
———-dx=|z|——x+c¢
4 2/24+1 4

= i 3 X+c —1x3 3x+c
“\2)3 4 6 4
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(b) Rearranging [ (1 —1)dt gives:

./a—zru%mzt—mHJ+tH1+c
1+1 241
t 2t2+t3+
=t——+—+c
2 3

1
2 3
=t—t =" +c
+3 +

This problem shows that functions often have to be rear-
ranged into the standard form of [ ax"dx before it is
possible to integrate them.

3
Problem 4. Determine / —2dx
5

3
/ —dx= / 3x2, Using the standard integral,
X

[ ax"dx when a =3 and n = —2 gives:
/Sx_zdx = AN +c= 3x__1 +c
—2+1 —1
-3

=-3xlte=—"+c¢
x
Problem 5. Determine / 3 /xdx

For fractional powers it is necessary to appreciate
n an = a""—l

3+1
/3«/}dx=v/‘3xl/2dx=3le+c
—+1
2+
3x3
X 3
:T‘FC:ZX?"‘CZZ\/;'FC
2

-5
Problem 6. Determine / —dt
9v/13

-5 -5 5
/4—dt=/—3dt=/<——> ide
9V 9ri 9
3

5\ t4 5\ (4 1/
- <_§>?+C: (_5) (T)t e
20
=-;%+C

2
(1+0) d

5

Problem 7. Determine /

1+ ) /(1+29+92)
ST gp= | T g
/ Vo Vo

1 20 @
= —+—+—]do
92 62 92

o=+l 29(3)+1  p(3)+!
=7 1 + 3 +c
—5+1 5+ 1 5+1
0r 205 63
= T+T+?+C
2 2 3
2

—o0b 4203+ 203 4
- 30 50T

4 2
=%@+§ M+gv¢+c

Problem 8. Determine

(a) / 4cos3xdx (b) / 5 sin 26 d6

(a) From Table 48.1 (ii),

1
/4cos 3xdx = (4) (§> sin3x + ¢

4
— —sin3
3Sll’l X + ¢

(b) From Table 48.1(iii),
1
/ 5sin260d6 = (5) <—§> cos26 + ¢

5
= ——cos 20
2cos +c
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Problem 9. Determine (a) / 7 sec? 4t dt

(b) 3 / cosec?20 df

(a) From Table 48.1(iv),
1
/7 sec’ 4t dt = (7) (Z) tan4s + ¢

7
= Ztan 4 + ¢
(b) From Table 48.1(v),

1
3 / cosec?20df = (3) (—5) cot 20 + ¢

3
= —5c0t20+c

Problem 10. Determine (a) / 5¢3dx
2
(b) / @dz

(a) From Table 48.1(viii),
1 5
/ 5¢%dx = (5) (§> o= §e3" +c

2 2 _u
(b) ﬁdt: 3¢ dt

-

e 4e=—

m'l'c

N =

Problem 11. Determine

2
(a)/idx (b)/(zm +1>dm
S5x m
3 3 1 3
(a) /gdxz / (g) (;) dx = glnx+c

(from Table 48.1(ix))

2 2
(b) /(2’" +1>dm=/<2i+l>dm
m m m
|

2m?
=T+ lnm+c

=m*+Inm+c

Now try the following exercise

Exercise 172 Further problems on standard
integrals

Determine the following integrals:

1. (a)/4dx (b)/7xdx

|:(a) 4x+c

2. (a / %xzdx (b) / §x3dx

2, 5 4
|:(a) Ex +c (b) ﬂx +c:|

2 _
3. (a)/(3x - 5x> d (b)/(2+9)2d9

3 2
(a)%—Sx—i—c

2
(b) 7% +c:|

93
(b)49+292+?+c

4 3
4. (a) / Tdx () / S
4 ol
[(a) §+c ( )@+c:|
5 (a)zf«/)?dx (b)/%ﬁdx
|:(a) gx/;—l-c (b) é@+ci|

=5 3

|:(a) E +c

15,
i (b) 7«/)_C+C}

7. (a) / 3cos2xdx (b) /7 sin 360d6

(a) % sin 2x + ¢

(b) — ;cos39+c
8. (a) / % sec*3xdx  (b) f 2 cosec®46 d6

1 1
|:(a) Ztan3x+c (b) — Ecot49+c:|



Standard integration 439

9. (@5 f cot 2¢ cosec 2t dt

4
(b) / 3 sec 4t tan 4t dt

1
[(a) — gcosec 2t+c (b) 3 sec 4t + c]

10. (a) / ZeFdx () = / da

=2 —2
|:(a) Se +c (b) 555 +c

11. (a)/—dx (b)/(” — )du

[(a) —Inx+c (b) — — lnu+c]

2 2
12, (a)/%dx (b)/<%+2t) dt

18
(a) 8/x +8vx3 + ?x/x5+c
1 4r3
(b) — ;+4I+T+C

48.4 Definite integrals

Integrals containing an arbitrary constant ¢ in their
results are called indefinite integrals since their precise
value cannot be determined without further information.
Definite integrals are those in which limits are applied.
If an expression is written as [x]Z , ‘b’ is called the upper
limit and ‘a’ the lower limit.

The operation of applying the limits is defined as:
[x15 = (b) — (@)

The increase in the value of the integral x” as x increases
from 1 to 3 is written as | 13 x%dx

Applying the limits gives:

3 ) 3 3 33 13
Jia=5ee] = (5 o) (5+¢)
—© )<l )_%
=0ra-{3+¢)=9%

Note that the ‘c’ term always cancels out when limits are
applied and it need not be shown with definite integrals.

2
Problem 12. Evaluate (a) / 3x dx
1

3
(b)/ 4 —x)dx
)
2 292
o [ 5] ] -
1

1 1

=6—1-=4=
272

3 3 3
(b) (¢ﬂ%ﬁ=[%——l
-2 3 )
3 3
{4(3)_Q} - {4(—2)—( 2) }

3
—38
=u2—9y—{—8—7;}

={3 51 —81
—“‘{‘ 3}—5

4
Problem 13. Evaluate f (
1

positive square roots only

— 4
e(3)+1 pp(=3)+1
| +1 ! + 1
L2 2 1
- 4
3 1 4
6 260 2
3 1 3 1
L 2 2
2
= —vm +4J1 !5 aﬁ+4¢ﬂ
B LY )
13
2 2
_sligo 2 442
3 + 3 3
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/2
Problem 14. Evaluate: / 3 sin 2x dx
0

g

/23sin2xdx
0

I
1
~
W
~
|
| =
\—/
(e}
]
72}
[\
=
| I |
(=} [SE)
I
|
|
Q
=}
@
N
=
| IS
(=] [N]

3 3
={]——=cosmw{ —{—=cosO
2 2

2
Problem 15. Evaluate / 4 cos 3t dt
1

2 1 2 4 2
/ 4cos3tdt = |:(4) (—> sin 3t] = |:— sin 3t}
1 3 1 L3 1
4
={-sin6g — i sin 3
3 3

Note that limits of trigonometric functions are always
expressed in radians—thus, for example, sin 6 means
the sine of 6 radians = —0.279415. ..

2 4
Hence / 4cos3tdt = {5(—0.279415 .. .)}
1

4
- {5(—0.141120. . .)}

— (—0.37255) — (0.18816) = —0.5607

Problem 16. Evaluate

2 4 3
(a) / 4¢¥ dx  (b) / —du,
1 1 41/[

each correct to 4 significant figures

2 4 2
(a) f 4e¥ dx = [- eﬂ
1 2 1
=2[e¥]} = 2[e* — €]

=2[54.5982 —7.3891] =94.42

43 3 43
(b) /—du: —Inu| =-[In4—1In1]
| du 4 . 4
3
1[1.3863 —0]=1.040

Now try the following exercise

Exercise 173 Further problems on definite
integrals

In Problems 1 to 8, evaluate the definite integrals
(where necessary, correct to 4 significant figures).

4 1 3
1. (a / 5x%dx  (b) / —ZFdt
1 - 4

[(a) 105 (b) —%i|

2 3
2. (a) / (3 —x*)dx (b) f (x? — 4x + 3)dx
=i 1
1
[(a)6 (b)—1§:|
T3 z
3. (a)/ Ecosedé (b)/ 4cos0do
’ (@0 (b)4]

z 2
4. (a)/32s1n29d9 (b)/ 3sin ¢ dt
z 0
6

[(@)1 (b)4.248]

1 T
5 (a)/ 5 e B (b)/6 Sl B i
0 0

[(a) 0.2352 (b) 2.598]

2
6. (a) / cosec4t dr
1

(b) / ¥ (@ i D — D S
by

[(a) 0.2572 (b) 2.638]
7 13 Sdr (b -2 d
. (a)/0 e’ dt ()/_1362xx
[(a) 19.09 (b)2.457]
3 3 2
8. (a) / 2n o
» 3x 1 X
[(a) 0.2703 (b) 9.099]
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The entropy change AS, for an ideal gas is
given by:

L qr Vaqv
AS = f Cy— —R / —
T T vi V

where T is the thermodynamic temperature,
V is the volume and R = 8.314. Determine the
entropy change when a gas expands from 1 litre
to 3 litres for a temperature rise from 100 K to
400K given that:

C,=45+6x 10737 + 8 x 107°72

[55.65]

10.

11.

The p.d. between boundaries a and b of an

dr

b
electric field is given by: V = f
o 2Tregey

If a=10, b=20, Q=2 x 107 coulombs,
£0=28.85x 10712 and &, =2.77, show that
V=9kV.

The average value of a complex voltage
waveform is given by:

1 g
Vay = —/ (10 sin wt + 3 sin 3wt
7 Jo

+ 2 sin Swt)d(wt)

Evaluate Vyy correct to 2 decimal places.
[7.26]
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Chapter 49

Integration using algebraic

49.1 Introduction

Functions that require integrating are not always in the
‘standard form’ shown in Chapter 48. However, it is
often possible to change a function into a form which
can be integrated by using either:

(i) an algebraic substitution (see Section 49.2),
(i) trigonometric substitutions (see Chapter 50),
(iii) partial fractions (see Chapter 51),
(iv) ther= tang substitution (see Chapter 52), or

(v) integration by parts (see Chapter 53).

49.2 Algebraic substitutions

With algebraic substitutions, the substitution usually
made is to let u be equal to f(x) such that f(u) du is a
standard integral. It is found that integrals of the forms:

f'er
[f ()]

(where k and n are constants) can both be integrated by
substituting u for f(x).

k/ [fO)]"f (x)dx and k dx

49.3 Worked problems on

integration using algebraic
substitutions

Problem 1. Determine f cos(3x +7)dx

substitutions

f cos(3x + 7) dx is not a standard integral of the form
shown in Table 48.1, page 436, thus an algebraic
substitution is made.

Let u=3x47 then d_u=3 and rearranging gives
by

di
dx:—u
3

d
Hence fcos Bx+T7)dx = /(cosu)?u

1
= / gcosudu,

which is a standard integral

=3 sinu + ¢
Rewriting u as (3x + 7) gives:
1
/ cos(Bx+7)dx = gsin(3x +7) +c,

which may be checked by differentiating it.

Problem 2. Find: f (2x —5)7dx

(2x —5) may be multiplied by itself 7 times and then
each term of the result integrated. However, this would
be a lengthy process, and thus an algebraic substitution
is made.

du du
Letu=2x—5)then — =2 and dx = —

dx 2
Hence

du 1
/(2x—5)7dx=/u77u = §/u7du
1 1
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Rewriting u as (2x — 5) gives:

/(Zx —5)7dx = 1—16(2x -5% +¢

4
5x—3)

dx

Problem 3. Find: f

d di
Letu:(Sx—3)then—u:5 anddx:—u
dx 5

- / 4 d /‘4du 4/1d
n —_— = _—— = = —
enee (5x—3)x u s 5 uu

4ln +
=—-Ilnu+c
5

4
= gln(Sx—3)+c

1
Problem 4. Evaluate / 2%~ dx, correct to 4
0
significant figures

du du
Letu==6x—1then — =6 and dx = —
dx 6

= 5[e5 —e 11 =49.35,

correct to 4 significant figures.

Problem 5. Determine: / 3x(4x% +3)°dx

d d
Let u= (4x2 +3) then “— = 8x and dx = —

dx 8x
Hence

d
/ 3x(4x? 4 3)dx = / 3x(u)58—u
X

3
=3 / wdu, by cancelling

The original variable ‘x’ has been completely removed
and the integral is now only in terms of u and is a
standard integral.

3 3 (ub 1
Hence gfusduzg(%>+c=ﬁu6+c

1
= 1—6(4x2 +3% +¢
/6
Problem 6. Evaluate: / 24 sin° 6 cos Od 6
0

du
cos 6

d
Let u =sin 6 then £ = cosf and db =

Hence / 24 sin’ 6 cos 6 dB

d
= f 2417 cos Q—M
cosf

=24 / wdu, by cancelling

l/t6 6 . 6
:24€+c:4u +c=4(sinf)’ + ¢

= 45in®0 +c

/6
Thus / 24 sin 6 cos 0 dO
0

e 6
= [4sin® 0] = 4|:<sin <) —(sin 0)6]
o (5) Z0] = L oroees
—\2 “16 7

Now try the following exercise

Exercise 174 Further problems on
integration using algebraic
substitutions

In Problems 1 to 6, integrate with respect to the

variable.

1
1. 2sin(4x+9) |:— > cos (4x+9) + ci|

3
2. 3cos(20—5) |:§ sin (260 — 5) + ci|
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o
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d d
_ Let u=4x? — 1 then — = 8x and dx = —
dx 8x

4
3. 4sec’(3t+1) |:§tan(3t+ D+ec
1 1 T Hence / — = i
4. SGx— 3)0 [%(Sx -3) +c¢ Vax? —1
= 2x du 1 1
- = | —=— = - [ —=du, by cancelling
-3 3 /
5. [——1n(2x— D+e Vuse 4]
(2x—1) 2 i _ lfu_l/zdu
6. 3e30+5 [€3+5 4 ¢] 4
1| u=1/2+1 1] 12
In Problems 7 to 10, evaluate the definite integrals =7 1—1 +c= 1l T +c
correct to 4 significant figures. —2t 2
1
1 =—f+c— 4x2 —1+¢
/ (Bx+1)°dx [227.5]
0
2
/ xvV2x2 4+ 1dx [4.333] Problem 9. Show that:
0
/3 /tan@d@ = In(sech) + ¢
9, f 2sin(3r+ 7 )dt 0.9428]
0
1
10. / 3cos(4x — 3)dx [0.7369]
0

0
/ tan 0.d6 = f L)
cosf

Letu=cosf

49.4 Further worked problems on du . _ —du
. . ) . then — = —sinf and df = ——
integration using algebraic do sin®
substitutions Hence
/ sm9d9 /sm@(—.du)
X cos 6 u \sinf
Problem 7. Find: / T dx 1
X =—/—du:—lnu+c
u
d d —_
Letu=2+3x2then—u=6xanddx=—u In(cos ) + ¢
dx 6x =1In(cos®)~! + ¢,
(=) .
— X by the laws of logarithms
=1 Hence / ———dx
= 2+ 3x?
a vdu 1 1 . Hence / tan0df = In(sec) + c,
= | —— = — [ —du, by cancelling,
ubx 6J u : -1 _ _
since (cosf)” = —— = secH
1 cos 6
=% Inu+x

= %l“(z +3) +¢ 49.5 Change of limits

When evaluating definite integrals involving substi-
tutions it is sometimes more convenient to change

«/4)627 the limits of the integral as shown in Problems 10
and 11.

Problem 8. Determine: /
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Problem 10. Evaluate:

3
S5xv/2x2 47 dx,

1
taking positive values of square roots only

d d
Let u =2x%+7, then a =4x and dx = a
dx 4x

It is possible in this case to change the limits of inte-
gration. Thus whenx =3, u = 2(3)? +7 =25 and when
x=1u=2(1)>+7=9

x=3
Hence / 5xv/2x2 4+ 7 dx
x=1

u=25 d 5 25
u=9 4x 4 9

= 2/25 udu
9

Thus the limits have been changed, and it is unnecessary
to change the integral back in terms of x.

x=3
Thus / S5xv2x2 + 7 dx
x=1

5 M3/2 25 5 \/_25
_20Y 0 2B
_4[3/2]9 6[ “]9

5 5 2
= ~[vV25% — V93] = Z(125 - 27) = 81>
6 6 3
2 3x
Problem 11. Evaluate: / ——— dx, taking
0 V2x2+1

positive values of square roots only

d d
Letu=2x2+ 1 then = = 4x and dx = =
dx 4x

=2 3x du

x=0 «/_ 4x
_ _/ = =2 du
4 x=0

Since u=2x%+1, when x=2, u=9 and when x =0,

u=1
3 u=9
uillzduz—/ u
4 u=1

3 x=2
Thus — /
4 x=0

2
Hence /
0 2x2

—172 du

i.e. the limits have been changed

2

3 u1/2 ’ 3\/— \/—
=37 1=5[ 9— V1] =3,

taking positive values of square roots only.

Now try the following exercise

Exercise 175 Further problems on
integration using algebraic
substitutions

In Problems 1 to 7, integrate with respect to the
variable.

1
1. 2x(2x*—3) [E(sz —3)Y 4+

5
2. 5cos’rsint [_E cos®t+ ¢

3. 3sec? 3x tan 3x

L > Lo,
Esec 3x+c or Etan 3x+c¢

5 -

4 32 [5 GZ—1P+c

In6 1 ]

5. n? [5(1n9)2+c_

5 i

6. 3tan 2t [Eln(sec%)—kc

2¢

7. [4v/ef +44c]

e'+4

In Problems 8 to 10, evaluate the definite integrals
correct to 4 significant figures.

1
8. / 3xe® =D gy [1.763]
0
/2
9. / 3sin* 6 cos 0 do [0.6000]
0
10 f PR A [0.09259]
o @21y ‘
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11.

12.

The electrostatic potential on all parts of a
conducting circular disc of radius r is given
by the equation:

9
R
V =2no / ————dR
0 VR2+ 7?2
Solve the equation by determining the inte-

gral. [V = 2710{ (92 + rz) _ r}]

In the study of a rigid rotor the following inte-
gration occurs:
o0

—JU+1) 2
/4 =/ Q2J+1)e si2ur dJ
0

13.

Determine Z, for constant temperature 7'
assuming A, I and k are constants.

82 IkT
h2
In electrostatics,

a?o sin 6

g
/0 28\/(a2—x2—2ax0059)

where a, o and ¢ are constants, x is greater

than a, and x is independent of 6. Show that

GZO'

E=—
EX

5= do




Chapter 50

Integration using
trigonometric substitutions

50.1 Introduction

Table 50.1 gives a summary of the integrals that require
the use of trigonometric substitutions, and their
application is demonstrated in Problems 1 to 19.

50.2 Worked problems on
integration of sin?x, cos2x,

tan2x and cot2x

%
Problem 1. Evaluate: / 2 cos> 4t dt
0

Since  cos2f =2cos’*t — 1 (from Chapter 27),
1
then cos’t = E(l + cos 2¢t) and

1
cos? 4t = 5(1 ~+ cos 8¢)

i
Hence / 2 cos? 4t dt
0

e

i
=2/4 ~(1 4 cos 81 dt
) 2

B t+sin8t%
= s |,

_|z . sin 88<%)

S

0+ sin 0
8

T
=— 0.7854
1 or

Problem 2. Determine: / sin® 3x dx

Since cos2x = 1 — 2sin’x (from Chapter 27),

2

1
then sin“ x = 5(1 — cos 2x) and

1
sin? 3x = 5(1 — cos 6x)
. 2 1
Hence sin“ 3xdx = 5(1 — cos 6x) dx

_1 sin 6x +
2" " 7% ¢

Problem 3. Find: 3 / tan? 4x dx

Since 1+ tan? x =sec? x, then tan® x =sec?x — | and
tan? 4x = sec? 4x — 1

Hence 3 /‘tan2 dxdx =3 /(sec24x — Ddx

_3 tan 4x o) +e
o 4

i1
Problem 4. Evaluate / — cot? 26 db

Bl
[N}

=N



(@)}
c
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O
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Table 50.1 Integrals using trigonometric substitutions

1 in 2x
2. sin?x 5( _ o )+c Use cos2x =1 —2sin% x 2

4. cot?x —cotx —x+c Use cot® x + 1 = cosec? x 4

1
6. sinAcosB Use 7 [sin(A + B) + sin(A — B)] 9

1
8. cosAcosB Use 7 [cos(A + B) + cos(A — B)] 11

1
10— sin”! = ¢ ' 13,14
a? —x? a Usex=asin#
2 r
11. a?—x2 % S + %\/az —x2+c substitution 15, 16
a

Since cot? 6 + 1 = cosec? 6, then ) —cotZ(E) . —cot2<%> i
cot? 0 = cosec? 6 — 1 and cot? 20 = cosec? 20 — 1 =§ ) Y

i1
Hence f ’ ECOtZ 20d6 1
o = 5[(——0.2887 —1.0472) — (—0.2887 — 0.5236)]

1[5 2 1[ —cot26 ’
= E . (COSCC 20 — 1)d0 = 5 ) -0 = 0.0269
6

ol
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Now try the following exercise

Exercise 176 Further problems on
integration of sinx,
cos2x , tan?x and cot?x

In Problems 1 to 4, integrate with respect to the

variable.

| i _
1. sin?2x —|x— S +c
2 4 |
3 sin 2¢ ]

2. 3cos’t = (#
cos [2 < aF 5 ) +c_
2 1 1
3. Stan” 360 5 gtan39—0 +c
4. 2cot?2t [—(cot 2t + 2t) + c]

In Problems 5 to 8, evaluate the definite integrals,
correct to 4 significant figures.

/3 T

5. / 35in2 35 dx [— or1.571]
0 2
/4 T

6. / cos2 dx dx [— or0.3927]
0 8
0.5

7. / 2 tan® 2t dt [0.5574]
0
/3

8. / cot>0do [0.6311]
/6

50.3 Worked problems on powers of

sines and cosines

Problem 5. Determine: / sin® 0 do

Since cos? 0+ sin% @ =1 then sin? 0 = (1 — cos? 6).
Hence [ sin’ 6d6

= f sin O(sin0)> dO = / sin0(1 — cos® 6)*do
= / sinf(1 — 2 cos? 0 + cos” 0)do

= / (sinf — 2 sin 6 cos” 6 + sin 6 cos* 6)do
2cos’0  cos’ 0
3 5

= —cosf +

[Whenever a power of a cosine is multiplied by a sine of
power 1, or vice-versa, the integral may be determined
by inspection as shown.

_ n+1 0
In general, / cos" @sin6dh = Zeos ¢
(n+1)
san+1 0
and/ sin" 0cos 0 = = +c
n+1)

Alternatively, an algebraic substitution may be used as
shown in Problem 6, chapter 49, page 443].

fie

2
Problem 6. Evaluate: / sin® x cos> x dx
0

LI 2 3 2.2 2
sin“ x cos” x dx = Sin” x cos~ x cos x dx
0 0

= /7 (sinx)(1 — sin® x)( cos x) dx
0

3 .2 . 4
= (sin“x cosx — sin” x cos x) dx
0

— Ea
sinfdx  sindx |’
| 3 5

B 0

- 3 7 5
_ (s1n3—> - (s1n52) 0o
—%—%:% or 0.1333

pie

i
Problem 7. Evaluate: / 4cos* O do, correct to
0

4 significant figures

/4400549519:4/4 (00829)2d9
0 0

2

il
=4f4 [-(1 +cos29)] do
) 12

— [ " (1 +2c0526 + cos? 26) db
0

i 1
=/4 |:1+200s29+5(1+cos49)] o
0

(o))
<
S
—
O
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Ir3 1
:/4 |:-+200520+—COS49} do
o L2 2

39+ , 20+sin49 i
= | — Sin
2 8

B 3 /7 . 2w sind(w/4)

—[§(z>+m7+T]—[0]
3

=35 !

= 2.178, correct to 4 significant figures.

0

Problem 8. Find: / sin® t cos* ¢ dt

/ sin? 7 cos* t dt = / sin’ t( cos? t)2 dt

/ 1 — cos 2t 1+ cos?2t 2
= dt
2 2

1
= 3 f (1 —cos2t)(1 +2cos2t + cos? 2t) dt

1
= 3 / (1 +2cos?2t + cos? 2t — cos 2t
—2cos? 2t — cos’ 2t)dt

1
=3 / (1 4 cos 2r — cos? 2t — cos’ 21) dt

1 1 4
=—/ 1+ cos2t — ﬂ
8 2

— cos2t(1 — sin? 2:)} dt

1 1 4t
= _/ (- _ s + cos 2t sin> 2t> dt

8 2 2
. 1[t sindt sin®2¢ +
8§\2 8 6

Now try the following exercise

Exercise 177 Further problems on
integration of powers
of sines and cosines

Integrate the following with respect to the variable:

[ cos’ 6 ]
—cos 6 + 3 +c

1. sin6

3 . sin3 2x ]

2. 2cos’2x sin 2x — +c
-3 2 -2 3 2 s 1

3. 2sin’tcos”t TCOS t—i—gcos t+c
nS 7 .

4. sindx cos*x covy + o8 X +c
5 7 |
5. 2sin* 26 0 1 . }
[Z - Zsin49+ 3—25in89+c_
6. sinZtcos?t L i sin 4t + c_
' 8 32 |

50.4 Worked problems on
integration of products of sines

and cosines

Problem 9. Determine: / sin 37 cos 2t dt

f sin 37 cos 2t dt

1
= / E[sin(3t +21) + sin(3t — 20)] dt,

from 6 of Table 50.1, which follows from Section 27.4,
page 238,

1
=3 / (sin5t 4 sin¢t) dt

. 1 / —cos5t
T2 5

— cost) +c

1
Problem 10. Find: / 3 cos Sx sin 2x dx

1
/ 3 cos Sx sin 2x dx

1 1
= 3 / E[sin(Sx + 2x) — sin(5x — 2x)] dx,
from 7 of Table 50.1
1
=5 f (sin7x — sin 3x) dx

_ 1 /—cos7x + cos 3x
6 7 3
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1

Problem 11. Evaluate: 2 cos 66 cos B do,

0
correct to 4 decimal places

1
/ 2 cos 66 cos 6 db
0

1
1
= 2/ 5[cos(69 + 6) + cos(60 — 0)] d6,
0

from 8 of Table 50.1

1 sin76  sin507
= / (cos70 + cos 50)df = |: 7 + 5 ]
0

B sin7+sin5 sin0+sin0
S\ 7 5 7 5

‘sin 7° means ‘the sine of 7 radians’ (=401.07°) and
sin 5 =286.48°.

0

1
Hence / 2cos 66 cosOdo
0

= (0.09386 + —0.19178) — (0)
= —0.0979, correct to 4 decimal places

Problem 12. Find: 3 f sin 5x sin 3x dx

3 / sin 5x sin 3x dx

1
=3 / —E[cos(5x + 3x) — cos(5x — 3x)] dx,
from 9 of Table 50.1
3
=3 f (cos8x — cos 2x) dx

B 3 /sin8x sin2x te or
2 8 2

3
1—6(4sin2x —sin8x) + ¢

Now try the following exercise

Exercise 178 Further problems on
integration of products
of sines and cosines

In Problems 1 to 4, integrate with respect to
the variable.

1

. cos 7t
1. sin5zcos?2t )

o cos 3t "
c
7 3

2. 2sin3xsinx

|: sin2x  sin4x

2 4

3 sin7x+sin5x n ]
2\ 77 5 ‘|

1 [cos20  cos60 i ]
s\ 2 6 ‘|

In Problems 5 to 8, evaluate the definite integrals.

3. 3 cosbxcosx

4. % cos 46 sin 26

/2 3 7]
5. / cos 4x cos 3x dx |:7 or 0.4286
0 i

1
6. [ 28in 7t cos 3t dt [0.5973]
0
/3
7. —4 f sin 50 sin 26 dO [0.2474]
0
2
8. / 3 cos 8¢ sin 3¢ dt [—0.1999]
1

50.5 Worked problems on

integration using the sin 6
substitution

1
Problem 13. Determine: / ——— dx
T — 2

d
Let x =asin 6, then £ =a cos 0 and dx =acos 6 db.
1
Hence / ——dx
/a2 — 52
1
B / Va2 —a?sin?6

acos6dob

) Va2 —sinZ6)
. acos6dob
Va2 cos2 6

6 do
=/—“C°S =/d9=0+c
acosf
1

. . . X .1 X
Since x =asin 6, then sinf = — and f = sin™ " —
a a

acos6dob

since sin?@ + cos?0 = 1

L 1Xx
Hence dx=sin"1= +¢
a

| =

(o))
<
=
—
O
(<]
v
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3
Problem 14. Evaluate / dx
0

1
V9 —x2

3
1
From Problem 13, / 9— dx
0

)
X3
= [sm 1—] since a = 3
310

= (sin~'1 — sin"1 0) = g or 1.5708
Problem 15. Find: / Va2 — x2dx

d.
Let x =asin 6 then ﬁ:acos@ and dx =acos 6 db

Hence / Va2 — x2dx
= / Va2 — a?sin? 6 (acos 6 d6)

zf,/am — sin? @) (acos 0 d6)

= / Va2 cos? 0 (acos6do)

= / (acosB)(acosOdb)

1 2
=a2/c0529d0=a2/ (#)d@

(since cos 20 = 2 cos? 6 — 1)

_a 9+sin20 N
_2 2 Cc

_a2 9+25in90059 n
=3 5 c

since from Chapter 27, sin 20 = 2 sin 6 cos 0

2
= ?[O—i—siné’cos@] +c

. . . X X
Since x=asin @, then sinf == and 6 = sin~' =
a

Also, cos? 0 + sin? @ = 1, from which,

cost = v 1 — sin? :,/1—(2)2

@—x2 a2

a? a

2
Thus/\/cz2 —x2dx = %[9+sin900s9]

a2|:,1x x\ va? —x?
= —|sin —+<—)— +c
2 a a a

2

a X x

_ i 2 2
= —sin" -+ -va*—-x*+c¢
2 a 2

4
Problem 16. Evaluate: / V16 — x2 dx
0

4
From Problem 15, / V16 — x2dx
0

4

16
= —sin_l)—c+)—c 16 — x2
2 472 .

= [8sin™" 1+ 2v0] — [8sin~" 0.+ 0]

—8sin!1=8 (%)

=4 or 12.57

Now try the following exercise

Exercise 179 Further problems on
integration using the
sine 6 substitution

5
1. Determine: / —dt
V4 —12 )
t
Ssin”! =
sin 3 T c_
2. Determine / 3 d
. : X
V9 —x? .-
[3 sin~! 3 +c

V4 —x2dx

[ZSin_lg—i-g 4—x2+c]

3. Determine: /

4. Determine:

V16 —9¢2 dt

8 3t ¢t
|:§ sin”! ) + 5 16—9t2+ci|
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& 1
5. Evaluate: /

| = [g 0r1.571]

[2.760]

1
6. Evaluate: f V9 — 4x2 dx
0

50.6 Worked problems on

integration using the tan ¢
substitution

1
Problem 17. Determine: / ——dx
@ +2)

d
Letx =a tan 6 then £ =asec? Oand dx =a sec? 6d0
1
Hence / ——dx
(a® 4 x?)

1
B / (a? + a? tan? 6)
B /‘ asec? 6do
—J a®(1 +tan? 0)

asec 0do . 2
—5 5 since 1 + tan
a“ sec

(asec? 6.db)

_ 2,

0 = sec

1 1
=/—d9=—(9)+c
a a

. X
Since x=a tan §, 0 = tan~! =
a

2
1
Problem 18. Evaluate: / ——dx
0 (4+x2)

1

d.
G+

2
From Problem 17, /
0

1 2
= —[tan_l)—c] sincea = 2
2 210

- %(tan_l | —tan~10) = (% ~0)

or 0.3927

1
2
b4
8

Problem 19. Evaluate: dx, correct

L
/0 (3 +2x2)

to 4 decimal places

1 5 1 5
/ — = dx= / — = ix
0 (3+2x2) o 2[(3/2) + x2]

5 1 1
25/0 N T

501 an—! !
_E[a/_3/2 o ./_3/2}0

5 /2 12
==/Zltan"', /S —tan"' 0O
2V 3 3

= (2.0412)[0.6847 — 0]

= 1.3976, correct to 4 decimal places.

Now try the following exercise

Exercise 180 Further problems on
integration using the
tan 6 substitution

1. Determine: / ——dt
4+
= tan~! ol =F c-
2 -
. 5
2. Determine: / ——d6
16 + 962
> tan~! 30 =F |
— — +c
12 4 ]
1
3. Evaluate: 2.356
VauaefO T [ ]
5
4. Evaluate: / ——dx [2.457]
0 4+ x2
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Revision Test 14

This Revision test covers the material contained in Chapters 48 to 50. The marks for each question are shown in
brackets at the end of each question.

1.

Determine:

(a) / 3V dr

2
o [ g
(©) / (2 +6)%do )

Evaluate the following integrals, each correct to 4
significant figures:

/3

(a 3 sin 2t dt

)
0
22 13
(b) / S +-+ 5 )dx (10)
1 \x x 4
Determine the following integrals:

(a) / 5(6¢ + 5) dt
®) /31nxdx

X

2
© | 7= ®

4. Evaluate the following definite integrals:

/2 T
(a) /(; 2 sin <2t -+ 5) dt

1
(b) / 3xe* =3 dx (10)
0
Determine the following integrals:
(a) / cos’ x sin x dx

2
O ®)
V9 — 4x?
Evaluate the following definite integrals, correct to
4 significant figures:

/2
(a) / 3sin®tdt
0

/3
(b) / 3 cos 560 sin 36 dO
0

2 5
(c) /04+x2dx (14)




Chapter 51

Integration using partial

51.1 Introduction

The process of expressing a fraction in terms of sim-
pler fractions—called partial fractions—is discussed
in Chapter 7, with the forms of partial fractions used
being summarised in Table 7.1, page 54.

Certain functions have to be resolved into partial frac-
tions before they an be integrated, as demonstrated in
the following worked problems.

Worked problems on

integration using partial
fractions with linear factors

. 11 —3x
Problem 1. Determine: / —dx
x242x—3

As shown in Problem 1, page 54:

-3 _ 2 5
24+2x—=3 (x—=1 x+3)

11 -3
Hence/—xdx
xX24+2x—3

sl
(x—=1 (x+3)

=2Inx—-1)—-5Inx+3)+c¢

(by algebraic substitutions—see chapter 49)

(x—1)? .
or In W + ¢ by the laws of logarithms
x

fractions

2x%2 —9x — 35

Problem 2. Find: dx
(x+1D(x —2)(x+3)

It was shown in Problem 2, page 55:

2x2 — 9x — 35 _ 4 3
4+ Dx=2)x+3) «+1) =2

1

+ a5

2x2 —9x —35 dx
x+Dx—=2)x+3)

4 3 1
Ef{ - + }dx
x+1) @*=2) +3)

=4Inx+1)—-3Inx—-2)+In(x+ 3)+¢

Hence

x+D*x+3)
orln ———MM——
-2y
2
1
Problem 3. Determine: f L
x2—3x+2

By dividing out (since the numerator and denomina-
tor are of the same degree) and resolving into partial
fractions it was shown in Problem 3, page 55:
X2 +1 2 5
=1- +
X2 —=3x+2 x—=1 ®=2)

2
1

Hence /de

x2—3x+2

(o2 4 2 1
=/{_u—n+u—m}x
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=x—-2Inx-1)4+S5Inx-2)+c¢

x-2)°
x -1y

orx +In {
Problem 4. Evaluate:

/3 -2 —4x—4
) x24+x—2

By dividing out and resolving into partial fractions, it
was shown in Problem 4, page 56:

dx, correct to 4

significant figures

¥ —2x2 —4x —4 4 3
=x—3+ -
X2 4x=2 x+2 -1
3x3 —2x% —4x—4
Hence /‘x 2x * dx
P xXc4+x—-2

3
E/ {x—3+ 4 — & }dx
2 x+2) —-D

2 3
- [% —3x+4In(x+2)—3In(x — 1)]
2

= (g—9+4ln5—3ln2)

—(2—-6+4n4—-3In1)
= —1.687, correct to 4 significant figures

Now try the following exercise

Exercise 181 Further problems on
integration using partial

fractions with linear factors

In Problems 1 to 5, integrate with respect to x

1 f 2,
. ———dx
(*x?=9)
2In(x —3)—2In(x+3)+c
orln +c
x+3
4(x —4)
—————dx
/(x2—2x—3)
SInx+1)— In(x —3)+c¢

(x+1y
orln{ =3 }+c

32x2 —8x—1)
E+dHx+DHE2x—1)
TIn(x+4)—3Inx+1)— In2x— D +¢
{ (x+4)’ }
Inj ————— 1 +¢
(x+12x—1)

N /x22+9x+8dx
x*+x—06
x+2Inx+3)+6Inx—2)+c
|: or x + In{(x +3)%(x —2)°} + ¢ ]
- /3x3—2x2—16x+20
' x=2)x+2)

3x2
> —2x+ In(x —2)

—S5In(x+2)+c

In Problems 6 and 7, evaluate the definite integrals
correct to 4 significant figures.

4 2_3 6
/ﬁdx [0.6275]
3 x(x—=2)(x—1)
6 .2 —14
7, / T [0.8122]
4 x2—2x—3

51.3 Worked problems on
integration using partial

fractions with repeated linear
factors

2 3
Problem 5. Determine: L
(x —2)?

It was shown in Problem 5, page 57:

2x +3 _ 2 n 7
x—22" (x—2)  (x—2)72

2 3
Thus / L dx
(x —2)?

B 2 7,
=/{@—m+@—m}x

=2In(x —2) —

7
(x_2)+c
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7
/ dx is determined using the algebraic
(x —2)?
substitution u = (x — 2), see Chapter 49

4
Problem 6. Find: | >~ _2*—19
(x+3)(x—1)2

It was shown in Problem 6, page 57:

5x2-2x—19 2 3 4
x+3)x—12 (x+3)+(x—l)_(x—1)2

5x2 —2x—19
——dx
(x+3)(x —1)2

B 2 3 4,
:/{<x+3>+(x—1>_<x—1>2} !

=2Inx+3)+3Inx—-1)+

Hence

4
x—1 +c

or Inx+3%*x—-1°+ +c

4
x-1

Problem 7. Evaluate:

/1 3x2 4+ 16x+ 15

13y dx, correct to
2 X

4 significant figures

It was shown in Problem 7, page 58:

x4 16x+15 3 2 6
(x+3)3 T x+3) (x+3)?2 x+3)3

3x% 4 16x + 15
Hence / Wl +15
x+3)3

./1 { : 2 : }
= — - dx
ol +3) @+3)?2 (x+3)3

3 1
=|:3ln(x+3)+ +(x+3)2:|2

(x+3)

3nd+ 24> 3nl4 242
= n —_ e —_ n - —
4 16 I 1

= —0.1536, correct to 4 significant figures.

Now try the following exercise

Exercise 182 Further problems on
integration using partial
fractions with repeated linear
factors

In Problems 1 and 2, integrate with respect to x.

4% —3 7
=0 |:4ln(x+1)+—+c:|

(x+1)? (x+1)
/5x2—30x+44
(x—2)3
10 2
|:51n(x—2)+ P = 2P +c:|

In Problems 3 and 4, evaluate the definite integrals
correct to 4 significant figures.

2 .2 7 3
3. /%dx [1.663]
1 XX
7 18 +21x — x2
_oreATY 1.089
/6 G- +22 Il

51.4 Worked problems on

integration using partial
fractions with quadratic factors

3+ 6x + 4x% — 2x3
x2(x2 +3)

Problem 8. Find: f

It was shown in Problem 9, page 59:

3+ 6x + 4x% — 242 2+ 1 N 3 —4x
22 +3) x  x2 (xr+3)

4 2_2 3
Thus /3+6x+x X

xX2(x2 4 3)

_f 2,1, 34\,
AR Y

_ [zt 3 x|,
_f{x+x2+(x2+3)_(x2+3)} *

(o))
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O
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3 1
/(x2+3>dx=3/x2+(¢§)2dx

3 X
=—tan  —

V3 V3

tions u = (x2 + 3).

" / 2,1, 3 )
cence — - —
T @ 3y @2y

13
—2lnx— -+ —tan' = — 22 +3) + ¢

x 3 V3
2
X 1 X
() - B
n(x2 n 3) T + an \/5 +c
. 1
Problem 9. Determine: / ———dx
(x? —a?)
1 A B

Let @-—a) a-a)  (+a)

_ A(x+a)+ B(x —a)
- x4+ a)x—a)

Equating the numerators gives:

1 =A(x+a)+Bx —a)

1
Letx=a,then A= —
2a

and let x = —a,

1
then B=——
2

(@)
[
=
—
()
(<P
v

= i[ln(x —a)—Inx+a)]+c
2a

1 (x—a)
= —In +c
2a x+a

4
3
Problem 10. Evaluate: / ——— dx, correct to
3 (2—4)

3 significant figures

from 12, Table 50.1, page 448.

4
/ * dx is determined using the algebraic substitu-
X243

a
S ANEPT S |
enee x2 —a?) =] 2 x—a) (x+a) o

From Problem 9,

[ lamn ()]
dx =3 —1In
3 (x2—4) 2(2) x+2/ 15

significant figures.

1
Problem 11. Determine: / ———-dx
@ =)

Using partial fractions, let
1 1 A B
(az—xz)E(a—x)(a+x)E(a—x) (a+x)
A(a + x) + B(a — x)
= (a—x)a+x)
Then 1= A(a+x)+ B(a —x)

1 1
Letx=athenA=—.Letx=—athenB= —
2a 2a

1
Hence / mdx
1

1 1
:/Z[(a—x) + (a+x):|dx

1
=—[—In(a—x)+Ina+x)]+c
2a
1 <a+x>
= —1In +c
2a a—x

2
5
Problem 12. Evaluate: / —— dx, correct to
0o (9—x?)

4 decimal places
From Problem 11,
2 5 1 34+x\7°
——dx=5|—In| ——
./0 - [2@) “(3—x)]o
5 5
=—|In-—Inl|=1.3412,
6 1

correct to 4 decimal places
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Now try the following exercise
In Problems 2 to 4, evaluate the definite integrals

correct to 4 significant figures.
Exercise 183 Further problems on

integration using partial © 6x—5

fractions with quadratic 2 /5 (x — (2 +3) e [0.5830]

factors 2 4
2 13 3. / T2 dx [0.2939]

1. Determine | ——— > _ 1 (16—x%)

@2 +7(x—2) 5 2
, 3 L 4. / 79 dx [0.1865]

In(x*+7)4+ —tan™" — 4 W=

Vv 7
— In(x—2)+c¢

(o))
<
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—
O
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Chapter 52

Thet =tan % substitution

52.1 Introduction

1
Integrals of the form / - df, where
acosf+bsinf + ¢

a, b and c are constants, may be determined by using the

substitution # = tan —. The reason is explained below.
If angle A in the right-angled triangle ABC shown in

Fig. 52.1 is made equal to 5 then, since

opposite

tangent = f BC=t and AB=1, then

adjacent’

tan — =1.
2

By Pythagoras’ theorem, AC = /1 + 2

C

1+£2 .

(]
A 2 B
1
Figure 52.1
.0 t 0 1
Therefore sin — = and cos — =

1+ 2 J1+r

Since sin 2x =2 sinx cos x (from double angle formu-
lae, Chapter 27), then

0 0
in 6 = 2 sin - cos —
Sin s1n200s2

22(«/1t+t2> («/ll—lrt2>

. . 2t
1.€. sinf = m (1)

0 0
Si 2x = cos? = — sin? —
mce COS Zx COS 2 Sin 2
1 2 1 2
_( 1+t2> _< 1+t2)
] ; 1-2 @
.C. COS =
! 14 £

. %
Also, since t = tan 5

dr = ! sec? 0 = I (1 + tan? g) from trigonometric
de 2 2 2 2
identities,
ie. & _laip
do 2
) 2dt
from which, do = m 3)

Equations (1), (2) and (3) are used to determine integrals

of the form dO where a, b or ¢

acos® + bsinf +c
may be zero.

52.2 Worked problems on the

0 o
t= tani substitution

do
Problem 1. Determine: | ——
sin 0

0 2t 2.dt
If t = tan — thensind = —— and d6 = from
2 14172 1+

equations (1) and (3).

do 1
= —as

Thus - = -
sin @ sin @
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. 1 2dt
B 2t \1+412

1+12

1

do 6
—— =1In tanz +c

Hence -
sin 6

Problem 2. Determine: /
CcoSx

2

and dx =

X
If t =tan — then cosx =
12 1+ 12

equations (2) and (3).

dx 1 2dt
Thus / =/
cosx 11— \1+7
1412
—/ 2 dt
) 1-2
7 may be resolved into partial fractions (see
Chapter 7).
2 2
Let =
1—2 A-=01+0
A n B
-0 (140
_ A0 +0+B(1-1)
A=+
Hence 2=A(14+t)+B( —1)

When t =1, 2=2A, from which, A =1
When t = —1, 2=2B, from which, B=1

. tfzm [ 1 N L
ence = D um—— s u—
1—12 1-1 (1+0)

=—In(l-0+In(l+1¢+c

(I+01)
=In

(I-0
X
dx 1+ tan2

Thus =In —x ( t¢

cosx 1 — tan=
2

. T
Note that since tan 1 = 1, the above result may be
written as:
T b4
dx tan Z —+ tan 5
=In = = (¢
Cosx 1 —tan — tan —
4 2

—ln{tan (n + x)} +c
- 4 2
from compound angles, Chapter 27

dx

Problem 3. Determine: | ——
1+ cosx

2
If t = tan al then cosx = T2 and dx =
equations (2) and (3).
d 1
Thus / & / LI
1+ cosx 14+ cosx

_/ 1 2dt
B 1—2 \1+22
1+

1412

_f 1 <2dt)
) a+H+a - \1+22

1+12
=/dt

dx b'e
Hence | ——— =t+c=tan- +c¢
1+ cosx 2

2dt
—— from
1+ 12

do

Problem 4. Determine: / _—
5+ 4cos6

11—

2dt
(%)
/ s (50
1472
2dt
(&)
_/50+ﬁ+4k4%
1472

2/ dt _2/ dt
2+9 T 2432

1 t
2(-tan~! = ,
(3 an 3)—i—c

0
If t = tan — then cos ) =

equations (2) and (3).

/‘ do
Thus - =
5+ 4cosb

(o))
[
S
+—
)
(<5
v
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from 12 of Table 50.1, page 448. Hence

/ 4 —Ztan_1 ltan0 +c
5+4cosf 3 372

Now try the following exercise

Exercise 184 Further problems on the
0
t=tan 5 substitution

Integrate the following with respect to the variable:

/ do -2 o
— — c
1+sin@ 0

1+ tan —
+an2
dx
2. f—
1 — cosx + sinx

X
tan —
In 2 +c

1+ tan 2
an_
2

/ da

34+ 2cosa
— tan — tan — c
NG V52

4 f dx
’ 3sinx — 4 cosx

52.3 Further worked problems on

0
thet= tanz substitution

d
Problem 5. Determine: / —x
sinx + cos x
X 2t 1—¢2
If t=tan — then sinx = ——,cosx =
2 * + 12 * 1412

2dt

dx =
* 142

from equations (1), (2) and (3).

and

Thus
2dt
dx _ 1+12
/sinx—l—cosx_/ 2t 11—
(1+r2)+<1+r2)
2dt
_ 1+2 2dt
_/2t+1—t2_/1+2t—t2
1+ 172
—2dt —2dt
Z/tZ—Zt—lz t—1)2_2

_/ 2dt
W —a—1p
1 V24+@-1)
=2 1
[2ﬁ “iﬁ—(x—l)””
(see problem 11, Chapter 51, page 458),

. dx
1.€. -
SInx + CoSx

1 ﬁ—l+tan{
=—mI|— 21 4¢

V2 \/5+1—tan;

dx
7 —3sinx + 6cosx

Problem 6. Determine: /

From equations (1) and (3),

/ dx
7 —3sinx + 6cosx
2dt

_ 1422
RECAEE
1+ 12 1412
2dt
_f 1422
T T+ =320+ 6(1 —12)
1412

2dt
_f7+7t2—6t+6—6t2
2dt 2dt
/t2—6t+13=,/(t—3)2+22

1 t—3
2[5 tan~! <T)i| +c
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from 12, Table 50.1, page 448. Hence

/ dx
7 —3sinx + 6¢cosx

X
tan— —3
=tan ! ZT +c

do

Problem 7. Determine: / —_—
4.cos6 + 3sinf

From equations (1) to (3),

/ do
4cosf + 3sinf
2.dt

_ 1+

_/4<ﬂ>+3(i)
1+172 1+12

B 2.dt B dt

_f4—4t2+6t_/2+3t—2t2

B 1/ dt
=] —5—
20 p 2

2

_ 1/ dt
2 ( 3>2 25
t

_|_

C

REHRERE)

/‘ do
Hence | ——m———
4cosO + 3sinf

1 Tt 0
2 2

=-In
0

2 —tan—

an2

+c

0
1+2tan—
- 2 +c
4 —2tan—

an2

Now try the following exercise

Exercise 185 Further problems on the

0
t=tan 5 substitution

In Problems 1 to 4, integrate with respect to the
variable.

/ do
5+ 4sin6 )
Stan - +4
an2+
3 3
dx
2 f—
1+ 2sinx
X
tan — + 2 — 4/3
1 an2+ V3

—In

V3 tan§+2+x/§

3 / dp
' 3 —4sinp +2cosp

. tan2 — 4 — V11
In 127 +c
V1l tan§—4+«/11

do
4 /—
3 —4sin6
0
1 3tan§—4—\/7
—In

/7

0
3 tan 7= 447
5. Show that

t
ﬁ-}-tanz

dt 1
= In +c
/1+3c0st 2.2 ﬁ—tani
2

/3 34
6. Show that / —— = 3.95, correct to 3
o cos@

significant figures.

do T

/2
7. Show that e
/0 2+4cosf 33
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[
2
—
o
(<5
v




Chapter 53

Integration by parts

53.1 Introduction

From the product rule of differentiation:

AN
e T Ve T

where u and v are both functions of x.
R . . dv d () du
earranging gives: u— = — —r—
gmee " dx dx v vdx

Integrating both sides with respect to x gives:

dv d du
/uadx=/a(uv)dx—fvadx
d
ie /u—vdx=uv— /v@dx
dx dx
or /udv:uv— /vdu

This is known as the integration by parts formula and
provides a method of integrating such products of sim-
ple functions as [ xe*dx, [tsintdt, [ ¢ cos0df and
J x Inx dx.

Given a product of two terms to integrate the initial
choice is: ‘which part to make equal to »’ and ‘which
part to make equal to dv’. The choice must be such
that the ‘u part’ becomes a constant after successive
differentiation and the ‘dv part’ can be integrated from
standard integrals. Invariable, the following rule holds:
‘If a product to be integrated contains an algebraic term
(such as x, 2 or 36) then this term is chosen as the u
part. The one exception to this rule is when a ‘In x” term
is involved; in this case In x is chosen as the ‘u part’.

53.2 Worked problems on

integration by parts

Problem 1. Determine: / X cosxdx

From the integration by parts formula,

/udv:uv—/vdu

d
Let x = x, from which d—” =1, ie. du=dx and let
X

dv = cos x dx, from which v= [ cos x dx = sin x.

Expressions for u, du and v are now substituted into
the ‘by parts’ formula as shown below.

[:"J:{"d_v": - :’E’lc:"v"‘._j:"ﬁ_}:'&ﬁ":
lxiicosxda = (oli(sinx) -] l(sin )ii(dx)

ie. /xcosxdx = xsinx — (—cosx) + ¢

=xsinx +cosx + ¢

[This result may be checked by differentiating the right
hand side,

i.e. i(x sinx + cosx +c¢)
dx
= [(x)(cosx) + (sinx)(1)] — sinx + 0

using the product rule

= x cos x, which is the function being integrated
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Problem 2. Find: / 3te? dt

d
Let u=3t, from which, d—L: =3, i.e.du=3dr and

1
let dv = e* dt, from which, v= fe2’dt = §€2t

Substituting into [udv=uv— [vdu gives:

/ 3te*' dt = (31) (%em) - / (%8’) (3 dr)

3 3
:—tezt——/eZ’dt
2 2
3., 3(
= — [ —_ — | —
2" 2(2 te

1
Hence /3te2tdt = %eZ‘ (t - 5) +c.

which may be checked by differentiating.

g

Problem 3. Evaluate / ’ 20 sin 0 d6
0

d
Let u =26, from which, £ =2, i.e.du=2d6 and let
dv=sin 0 d6, from which,

V= /sin@d@ = —cosf

Substituting into fu dv=uv— /v du gives:

/29 sin 6 df = (20)(—cos 0) — /(—cos 0)(2do)

= —2900s9+2/c050d9

= —260cosfH + 2sinf + ¢

s

Hence/ ’ 26 sin 6 d6
0

z
2

= [29 cos O + 2sin 9]
0

= [—2 (g)cosg—l—Zsing] — [0+ 2sin0]
=(-0+2)—(0+0)=2

. b4 1
sincecos — =0 and sin 5 =1

1
Problem 4. Evaluate: / 5xe*dx, correct to
0

3 significant figures

Let u = >5x, from which fl_u =35, i.e. du=>5dx and let
X

1
dv= ¢&* dx, from which, v= f eMx = Ze“x

Substituting into [ udv=uv — [vdu gives:

4x 4x
4x _ e_ _ e_
/Sxe dx—(Sx)<4) /(4)(5dx)

1
Hence / 5xe™ dx
0

[ B
-(5)-(3)

=51.186 4 0.313 = 51.499 = 51.5,

correct to 3 significant figures.

Problem 5. Determine: / x2 sin x dx

di
Let u = x2, from which, d_u =2x,i.e. du=2xdx, and
x

let dv = sin x dx, from which, v= [ sinxdx = —cosx

Substituting into / udv=uv— / vdu gives:

/ X2 sinxdx = (x*)(—cosx) — / (—cos x)(2x dx)

= —x*cosx+2 [/xcosxdx:|

The integral, f xcosx dx, is not a ‘standard integral’
and it can only be determined by using the integration
by parts formula again.
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From Problem 1, [ x cos x dx =x sin x 4 cos x

Hence / x% sinx dx

= —x?cosx + 2{xsinx + cosx} + ¢

= —x?cosx + 2xsinx +2cosx + ¢
=(2 —xz)cosx +2xsinx +c¢
In general, if the algebraic term of a product is of power

n, then the integration by parts formula is applied n
times.

Now try the following exercise

Exercise 186 Further problems on
integration by parts

Determine the integrals in Problems 1 to 5 using

integration by parts.
— 1 1
—|x—= c
2 2

1. /xezxdx
4x 4 1
-3
2. /eﬁdx I:—ge x (x—i— 5) —|—c]
3. /xsinxdx

4. 56 cos 260 d6

5 1
|:§ <Osin29 + 500320) -I—c]
3 1
5. /3t2e2fdz [Eezf (z2 —t+ 5) + c]

Evaluate the integrals in Problems 6 to 9, correct
to 4 significant figures.

[—xcosx + sinx + c]

6. fo 22xexdx [16.78]
7. fo %xsin2xdx [0.2500]
8. /0 %ﬂ cos rdt [0.4674]
9. f123x2e§dx [15.78]

53.3 Further worked problems on

integration by parts

Problem 6. Find: / x In x dx

The logarithmic function is chosen as the ‘u part’ Thus

B dx

1
when u =In x, then a =-ie.du=
dx x

X
2
Letting dv=xdx givesv= fx dx = %

Substituting into [udv=uv— [vdu gives:

x? X%\ dx
/xlnxdx:(lnx) (7) —/(;);

2 1
=x—1nx——/xdx
2 2

le 1 (x% "

= — In —_ = —

2 T a\n) e
x2 1

Hence /xlnxdx:; lnx—i +c

2
or Z(Zlnx —-D+ec

Problem 7. Determine: [ In x dx

[ Inxdx is the same as [ (1) Inxdx
.odu 1, dx
Let u = Inx, from which, — = — i.e. du= — and let
dx x X

dv=1dx, from which, v= [ 1dx=x

Substituting into [‘udv=uv— [ vdu gives:

/lnx dx = (Inx)(x) — /‘x%

=xlnx—/dx=xlnx—x+c

Hence /lnxdx =x(Inx —-1)+¢

9
Problem 8. Evaluate: / +/x In x dx, correct to
1

3 significant figures
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d
Let u =1n x, from which du = &=
X

and let dv = /x dx = x? dx, from which,

a2
U—/.X x—3x

Substituting into [‘udv=uv— [ vdu gives:

fﬁlnxdx=(1nx) (%,C;) —/@x%) <Ci_x)

2 2
=§@lnx—§/x%dx

(18]

Hence /lgﬁlnxdx= [%*/FOM_ %)T
- E@(m = %)} - Eﬁ <1“1 - %)}
= |:18 (ln9 - g)} - [% (O B %)}

= 27.550 4 0.444 = 27.994 = 28.0,

correct to 3 significant figures.

Problem 9. Find: [ ¢* cos bx dx

When integrating a product of an exponential and a sine
or cosine function it is immaterial which part is made
equal to ‘u’.

. du .
Let u = e, from which o =ae™, ie. du=ae™ dx
x

and let dv = cos bx dx, from which,
I .
v= [ coshxdx = 5 sin bx
Substituting into [ udv=uv— [ vdu gives:
/ e™ cos bx dx

ax 1 H _ l 1 ax
= (™) (b sin bx) / (b sin bx) (ae™dx)

1
= e sinbx—;;l [/ o sinbxdx:| (1)

| € sin bx dx is now determined separately using inte-
gration by parts again:

Let u =¢e* then du =ae™ dx, and let dv=sin bx dx,
from which

1
V= /sinbxdx = —Zcosbx

Substituting into the integration by parts formula gives:

1
/ e™ sin bx dx = (™) (_l_) cos bx)

1 ax
—f(—z cosbx)(ae dx)

1 ax
= ——e* cosh
be X

+ g/ew‘ cos bx dx

Substituting this result into equation (1) gives:

1 1
/ e™ cosbxdx = —e™ sinbx — g —e™ cos bx
b b| b

+;1—7/e“xcosbxdxi|

L. a .
= Ze s1nbx+ﬁe cos bx
P

5 e cos bx dx
The integral on the far right of this equation is the same
as the integral on the left hand side and thus they may
be combined.

2
/e‘”‘ cosbxdx—i—Z—Z/e“x cos bx dx
1 ax _: a ax
=Ze smbx—i—b—2e cos bx

a2
ie. (1 + ﬁ) /e‘”‘cosbxdx

1 ax _: a ax
=Ze s1nbx+b—2e cos bx

b2 2
ie. ( l—;a >/e“xcosbxdx

ax

= 2—2(b sin bx + a cos bx)

(@)
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Hence / e™ cos bx dx

b2 P
= (m) (ﬁ) (bsin bx + a cos bx)

ax

= ——(bsinbx +acosbx) +c
a? + b?

Using a similar method to above, that is, integrating by
parts twice, the following result may be proved:

/ e* sin bx dx

ax
= ——(asinbx — bcosbx) +c 2
poin @

%
Problem 10. Evaluate / ¢’ sin 2¢ dt, correct to
0

4 decimal places

Comparing [ e’ sin 2t dr with [ ¢ sin bx dx shows that
xX=t,a= 1l and b=2.
Hence, substituting into equation (2) gives:

s

ER
e' sin 2t dt
0

et

= |:—(1 sin 2t — 2 cos 2t)i|

I

12 + 22 0

-5 (m2() 202 (§))]
eO
- [g(sino —2cos 0)}

—6%1 0 Lo_p]=¢
= ?( -0 —[g( - )i|—?+

= 0.8387, correct to 4 decimal places

(SIS

Now try the following exercise

Exercise 187 Further problems on
integration by parts

Determine the integrals in Problems 1 to 5 using
integration by parts.

2 1
1. /2x21nxdx |:§x3 <lnx—§) +c]

2. 21In3xdx [2x(In3x — 1) +¢]

|:0053x(2 5 2)_'_2 e T
— 99X —X S1n >Xx C
27 9 i
4. 2¢°* cos 2x dx

3 /x2 sin 3x dx

2
[Eesx(Z sin 2x + 5 cos 2x) + ¢

5. / 20sec?0dO  [2[6 tan O — In(sec O)] + c]

Evaluate the integrals in Problems 6 to 9, correct
to 4 significant figures.

2
6. f xInx dx [0.6363]
1
1
7. /2e3"sin2xdx [11.31]
0
8. / " ol cos 3t dt [—1.543]
0
4
9, /x/;lnxdx [12.78]
1

10. In determining a Fourier series to represent
f(x)=ux in the range —m to m, Fourier coeffi-
cients are given by:

1 b
a, = —/ X COS nx dx

TJ 7
1 T

and b, = — / X sin nx dx
TJ) -7

where n is a positive integer. Show by
using integration by parts that a, =0 and

b, = ——cosnmw
n

11. The equations:

1
C= f e 9% cos1.20d0
0

1
and S = / e %% ¢in1.204d6
0

are involved in the study of damped oscilla-
tions. Determine the values of C and S.
[C=0.66,S=0.41]



Chapter 54

Numerical integration

54.1 Introduction

Even with advanced methods of integration there are
many mathematical functions which cannot be inte-
grated by analytical methods and thus approximate
methods have then to be used. Approximate methods of
definite integrals may be determined by what is termed
numerical integration.

It may be shown that determining the value of a defi-
nite integral is, in fact, finding the area between a curve,
the horizontal axis and the specified ordinates. Three
methods of finding approximate areas under curves are
the trapezoidal rule, the mid-ordinate rule and Simp-
son’s rule, and these rules are used as a basis for
numerical integration.

54.2 The trapezoidal rule

Let a required definite integral be denoted by [ ab ydx
and be represented by the area under the graph of
y=f(x) between the limits x=a and x =5 as shown
in Fig. 54.1.

Let the range of integration be divided into n
equal intervals each of width d, such that nd =0 — a,

b—a
ie.d=
n
The ordinates are labelled yi,y2,y3,..., Ypt1 as
shown.

An approximation to the area under the curve may
be determined by joining the tops of the ordinates by
straight lines. Each interval is thus a trapezium, and
since the area of a trapezium is given by:

1
area = z(sum of parallel sides) (perpendicular
distance between them)

YA

y=f(x)
—
/
e
//
Yi| Yo | V3| Va Yn+1
0 X=a xX=b ;

Figure 54.1

then
b 1 1
ydx ~ =(y1 +y2)d + =(y2 +y3)d
B 2 2
1 1
+ E(y3 +yd+ -+ E()’n + Yur1)d

1 1
%d[zyl +yv2+y3+tys+---+yn+ 5)’n+li|

i.e. the trapezoidal rule states:

b dx & width of \ | 1 (first + last + resmu::;noiil
§ ’ interval 2 \ ordinate &

ordinates
(H

Problem 1. (a) Use integration to evaluate,

32
—dx
1 X
(b) Use the trapezoidal rule with 4 intervals to

evaluate the integral in part (a), correct to
3 decimal places

correct to 3 decimal places,
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3 2 3 1
(a) /lﬁdxzlex 2 dx

3

1—i—l
2

=4[ Jxl} = 4[V3 - V1]
=2.928, correct to 3 decimal places.

(b) The range of integration is the difference between
the upper and lower limits, i.e. 3 —1=2. Using
the trapezoidal rule with 4 intervals gives an inter-

val width d = —— = 0.5 and ordinates situated at
1.0, 1.5, 2.0, 2.5 and 3.0. Corresponding values of

2
—— are shown in the table below, each correct to
X

4 decimal places (which is one more decimal place
than required in the problem).

1.0 2.0000
1.5 1.6330
2.0 1.4142
2.5 1.2649
3.0 1.1547

From equation (1):

32 1
— dx ~(0.5) { =(2.0000 + 1.1547
/1 e ){2< +1.1547)

+1.6330 + 1.4142 + 1.2649}

=2.945, correct to 3 decimal places.

This problem demonstrates that even with just 4 inter-
vals a close approximation to the true value of 2.928
(correct to 3 decimal places) is obtained using the
trapezoidal rule.

Problem 2. Use the trapezoidal rule with 8

< 9
intervals to evaluate / —— dx, correct to 3
1 VX

decimal places

3—-1
With 8 intervals, the width of each is ie. 0.25
giving ordinates at 1.00, 1.25, 1.50, 1.75, 2.00, 2.25,
2
2.50, 2.75 and 3.00. Corresponding values of 7 are
x

shown in the table below:

1.00 2.000

1.25 1.7889
1.50 1.6330
1.75 1.5119
2.00 1.4142
2.25 1.3333
2.50 1.2649
2.75 1.2060
3.00 1.1547

From equation (1):

32 1
— dx~(0.25) | =(2.000 + 1.1547) + 1.7889
/1 NG x =~ ( ){2( + )+

+1.6330 + 1.5119 4 1.4142
+1.3333 + 1.2649 + 1.2060}

=2.932, correct to 3 decimal places

This problem demonstrates that the greater the num-
ber of intervals chosen (i.e. the smaller the interval
width) the more accurate will be the value of the defi-
nite integral. The exact value is found when the number
of intervals is infinite, which is what the process of
integration is based upon.

Problem 3. Use the trapezoidal rule to evaluate

/2
/ ——— dx using 6 intervals. Give the
o 1+4sinx

answer correct to 4 significant figures

T
——0
With 6 intervals, each will have a width of 2

T
ie. T rad (or 15°) and the ordinates occur at 0,
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T ww mw 5w ndn
12°6°4°3 12" %

are shown in the table below:

1+ sinx

0 1.0000
T or15°)  0.79440
12 (0} .

T

< (or307) 0.66667
T

7 (or4s%) 0.58579
T

3 (or60°) 0.53590
5

2T or75°)  0.50867
12

T

3 (or 90%) 0.50000

From equation (1):

/g ! d~(”) L (1.00000 + 0.50000)
o T+sinx o \12/12% '

+0.79440 + 0.66667 + 0.58579

+0.53590 + 0.50867}

=1.006, correct to 4 significant
figures

Now try the following exercise

Exercise 188 Further problems on the
trapezoidal rule

Evaluate the following definite integrals using the
trapezoidal rule, giving the answers correct to
3 decimal places:

1
2
1. / ——dx (Use 8 intervals) [1.569]
0

1+ x2

3
2. / 2In3xdx (Use 8 intervals) [6.979]
1

Corresponding values of

/3
3. / Vsinfdé (Use 6 intervals) [0.672]
0

1.4
4. / e~ dx (Use 7 intervals)
0

54.3 The mid-ordinate rule

Let a required definite integral be denoted again by

[0.843]

/ ab ydx and represented by the area under the graph of
y =f(x) between the limits x = a and x = b, as shown in
Fig. 54.2.

YA V= (%)
—
~
T !
A7) N
/| | I :
/ | I | I
L] :
:}’1 1Yo :}’3 1¥n
A l
, | | |
| | | |
| |

o
%

o

XY

Figure 54.2

With the mid-ordinate rule each interval of width d is
assumed to be replaced by a rectangle of height equal to
the ordinate at the middle point of each interval, shown
as y1,y2,¥3,-.., yn in Fig. 54.2.

b
Thus / ydx~dy; +dy, +dy; + - +dyy,
a

~dyr+y2+y3+-+ )

i.e. the mid-ordinate rule states:
b . .
/ ydx ~ .Wldth of ' sum ‘of )
" interval mid-ordinates

Problem 4. Use the mid-ordinate rule with (a) 4

3
intervals, (b) 8 intervals, to evaluate / — dx,
1 VX

correct to 3 decimal places
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(a) With 4 intervals, each will have a width of 1

i.e. 0.5. and the ordinates will occur at 1.0, 1.5, 2.0,
2.5 and 3.0. Hence the mid-ordinates y1, y2, y3 and
y4 occur at 1.25, 1.75, 2.25 and 2.75

2
Corresponding values of — are shown in the

Jx
following table:
1.25 1.7889
1.75 1.5119
2.25 1.3333
2.75 1.2060

From equation (2):

32
— dx~(0.5)[1.7889 + 1.5119
/1 Vx

+1.3333 + 1.2060]

=2.920, correct to 3 decimal places

(b) With 8 intervals, each will have a width of 0.25
and the ordinates will occur at 1.00, 1.25, 1.50,
1.75, ... and thus mid-ordinates at 1.125, 1.375,

2
1.625, 1.875. ... Corresponding values of — are
Vx

shown in the following table:

1.125 1.8856
1.375 1.7056
1.625 1.5689
1.875 1.4606
2.125 1.3720
2.375 1.2978
2.625 1.2344
2.875 1.1795

From equation (2):

3
2
—= dx ~(0.25)[1.8856 + 1.7056
=

+1.5689 + 1.4606

+1.3720 + 1.2978
+1.2344 4 1.1795]

=2.926, correct to 3 decimal places

As previously, the greater the number of intervals the
nearer the result is to the true value of 2.928, correct to
3 decimal places.

2.4
2
e x/3

Problem 5. Evaluate dx, correct to 4

0
significant figures, using the mid-ordinate rule with
6 intervals

With 6 intervals each will have a width of

0.40 and the ordinates will occur at 0, 0.40, 0.80, 1.20,

1.60, 2.00 and 2.40 and thus mid-ordinates at 0.20, 0.60,

1.00, 1.40, 1.80 and 2.20.
Corresponding values of e

following table:

,1.e.

2 .
—*°/3 are shown in the

0.20 0.98676
0.60 0.88692
1.00 0.71653
1.40 0.52031
1.80 0.33960
2.20 0.19922

From equation (2):

24,
/ e 3 dx~(0.40)[0.98676 + 0.88692
0

+0.71653 4 0.52031
+0.33960 + 0.19922]

=1.460, correct to 4 significant figures.
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Now try the following exercise

Exercise 189 Further problems on the
mid-ordinate rule

Evaluate the following definite integrals using the
mid-ordinate rule, giving the answers correct to
3 decimal places.

2
3
/(; 57 dt (Use 8 intervals) [3.323]

/2 1
2. / —d6f (Use 6 intervals)
o 1+4sin6

[0.997]
3Inx .
3. ——dx (Use 10 intervals) [0.605]
1 X
/3
4. / vcos3xdx (Use 6 intervals)
0
[0.799]

54.4 Simpson’srule

The approximation made with the trapezoidal rule is to
join the top of two successive ordinates by a straight
line, i.e. by using a linear approximation of the form
a+ bx. With Simpson’s rule, the approximation made
is to join the tops of three successive ordinates by a
parabola, i.e. by using a quadratic approximation of the
form a + bx + cx.

Figure 54.3 shows a parabola y = a + bx + cx? with
ordinates yj, y» and y3 at x=—d, x=0 and x=d
respectively.

yA
y=a+ bx+ cx?

Y1 Y2 Y3

Figure 54.3

Thus the width of each of the two intervals is d. The
area enclosed by the parabola, the x-axis and ordinates
x=—d and x =d is given by:

d 2 394
b

/ (a+bx+cx2)dx=|:ax+i+i]

—d 2 d

3
= (ad + b;dz + @>
2 3
=2ad + §Cd3
or %d(6a +2cd?) (3)
Since y=a+ bx+cx?
at )c:—a',ylza—bd—f-cd2
at x=0,y=a
and at x:d,y3=a+bd+cd2
Hence y1 +y3 =2a+ 2cd?
and yi+4y2+y3=6a+ 2cd? 4)

Thus the area under the parabola between x=—d
and x=d in Fig. 543 may be expressed as
1d(y1 + 4y, +y3), from equation (3) and (4), and the
result is seen to be independent of the position of the
origin.

Let a definite integral be denoted by | ab ydx and rep-
resented by the area under the graph of y = f(x) between
the limits x = a and x=0>b, as shown in Fig. 54.4.
The range of integration, b — a, is divided into an even
number of intervals, say 2n, each of width d.

Since an even number of intervals is specified, an odd
number of ordinates, 2n + 1, exists. Let an approxima-
tion to the curve over the first two intervals be a parabola
of the form y = a + bx + cx> which passes through the
tops of the three ordinates y, y> and y3. Similarly, let an
approximation to the curve over the next two intervals
be the parabola which passes through the tops of the
ordinates y3, y4 and ys, and so on. Then

b 1 1
/ ydx = Sd(v1 + A2+ 33) + 3d0s + A+ 33)
a

1
+ gd(y2n71 + 4yon + Yont1)

(o))
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YA
L y = f(x)
/’_\
Y1 Y2 Y3 Ya Yon+1
0 a b X
d | d | d
Figure 54.4

o

dl(y1 +yont1) +4(y2 +ya+ -+ you)
+2(y3 +ys + -+ ya—1)]

W | =

i.e. Simpson’s rule states:

/ ’ » dxns L (width of {(ﬁrst+last>
a 3 \interval ordinate
4 (sum of even)
ordinates

4 <sum of remaining) }
odd ordinates

®)

Note that Simpson’s rule can only be applied when an
even number of intervals is chosen, i.e. an odd number
of ordinates.

Problem 6. Use Simpson’s rule with (a) 4
intervals, (b) 8 intervals, to evaluate

/ —— dx, correct to 3 decimal places
1

W

(a) With 4 intervals, each will have a width of

i.e. 0.5 and the ordinates will occur at 1.0, 1.5, 2.0,
2.5 and 3.0.

The values of the ordinates are as shown in the table
of Problem 1(b), page 470.

Thus, from equation (5):

32 1
. dx A —(0.5)[(2.0000 + 1.1547
/1 - dex SOH0000+ 1.1547)
H4(1.6330 + 1.2649)
12(1.4142)]

1
= 5(0.5)[3.1547 + 11.5916
+2.8284]

=2.929, correct to 3 decimal
places.

(b) With 8 intervals, each will have a width of

i.e. 0.25 and the ordinates occur at 1.00, 1.25, 1.50,
1.75, ..., 3.0.

The values of the ordinates are as shown in the table
in Problem 2, page 470.

Thus, from equation (5):

32 1
— dx~ —=(0.25[(2.0000 + 1.1547
/1 T e 50290000 + 11547)

+ 4(1.7889 + 1.5119 + 1.3333
+1.2060) + 2(1.6330
11.4142 + 1.2649)]

1
= 3(0.25)[3.1547 +23.3604
+8.6242]

=2.928, correct to 3 decimal
places.

It is noted that the latter answer is exactly the same as
that obtained by integration. In general, Simpson’s rule
isregarded as the most accurate of the three approximate
methods used in numerical integration.

/3 1
Problem 7. Evaluate / J1 = 3 sin 6 do,
0

correct to 3 decimal places, using Simpson’s rule
with 6 intervals

)
3

With 6 intervals, each will have a width of

T
i.e. 8 rad (or 10°), and the ordinates will occur at 0,

n w ow 2w 5w T
_5_,_7_>_and_
189 6 9 18 3
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/ 1
Corresponding values of ./ 1 — 3 sin® @ are shown in

the table below:

3 4 T

18 9 6
(or 10°) (or20°) (or 30°)

/ 1
1—§sin29 1.0000 0.9950 0.9803 0.9574

27 S5 T

9 18 3
(or 40°) (or 50°) (or 60°)

/ 1
1— 3 sinf  0.9286  0.8969  0.8660

From equation (5):

3 1
/ |1 — =sin?6db
0 3

i
~3 (1”—8) [(1.0000 + 0.8660) + 4(0.9950 + 0.9574
+0.8969) 4 2(0.9803 + 0.9286)]

_ ! () 118660 + 11.3972 + 3.8178]
—3\18/ ' :

= 0.994, correct to 3 decimal places.

Problem 8. An alternating current i has the
following values at equal intervals of 2.0
milliseconds:

Time (ms) 0 2.0 40 6.0 80 10.0 12.0

Current i
(A) 0 35 82 100 7.3 2.0 0

Charge, g, in millicoulombs, is given by
12.0

q9=J)o

approximate charge in the 12 ms period

i dt. Use Simpson’s rule to determine the

From equation (5):

12.0
Charge, q= / idt
0

~
~

2.0)[(0 + 0) + 4(3.5 + 10.0 + 2.0)
+2(8.2 +17.3)]

[OSHIE

=62 mC

Now try the following exercise

Exercise 190 Further problems on
Simpson’s rule

In Problems 1 to 5, evaluate the definite integrals
using Simpson’s rule, giving the answers correct
to 3 decimal places.

/2
1. / +/sinx dx (Use 6 intervals) [1.187]
0
1.6 1
/0 1+—04 df (Use 8 intervals) [1.034]
1.0 ging .
3. / —— d6 (Use 8 intervals) [0.747]
02 0
/2
4. / x cos x dx (Use 6 intervals) [0.571]
0
/3 2
5. / €" sin2x dx (Use 10 intervals)
0
[1.260]

In Problems 6 and 7 evaluate the definite inte-
grals using (a) integration, (b) the trapezoidal rule,
(c) the mid-ordinate rule, (d) Simpson’s rule. Give
answers correct to 3 decimal places.

44
6. / —3dx (Use 6 intervals)
1 X

(a) 1.875 (b)2.107
(©) 1.765 (d) 1.916

6
1
7. ———— dx (Use 8 intervals
./2 V2x —1 ( )
(a) 1.585 (b) 1.588
(c) 1.583 (d) 1.585

In Problems 8 and 9 evaluate the definite integrals
using (a) the trapezoidal rule, (b) the mid-ordinate
rule, (c) Simpson’s rule. Use 6 intervals in each
case and give answers correct to 3 decimal places.

3
8. / V14 x*dx
0

[(a) 10.194 (b) 10.007 (c) 10.070]

0.7 1
9. / dy
0.1 /1 —y2

[(a) 0.677 (b) 0.674 (c) 0.675]
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10. A vehicle starts from rest and its velocity is 11. A pin moves along a straight guide so that its
measured every second for 8 seconds, with velocity v (m/s) when it is a distance x (m)
values as follows: from the beginning of the guide at time 7 (s)

is given in the table below:

0o o O v

1.0 0.4 o 0
2.0 1.0 0.5 0.052
3.0 1.7 1.0 0.082
4.0 2.9 1.5 0.125
5.0 4.1 2.0 0.162
6.0 G2 2.5 0.175
7.0 2.0 3.0 0.186
2.0 9.4 3.5 0.160
40 0
The distance travelled in 8.0 seconds is given
8.0
by / vdr. Use Simpson’s rule with 8 intervals to deter-
0 mine the approximate total distance travelled
Estimate this distance using Simpson’s rule, by the pin in the 4.0 second period.
giving the answer correct to 3 significant [0.485 m]
figures. [28.8 m]
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Revision Test 15

This Revision test covers the material contained in Chapters 51 to 54. The marks for each question are shown in
brackets at the end of each question.

1. Determine: (a) / x—11 — dx (c) the mid-ordinate rule

(d) Simpson’s rule.

(b) / - (21) In each of the approximate methods use 8 intervals
&=+ 3)(x L 3) and give the answers correct to 3 decimal places.
3 (16)
2. Evaluate: /1 ¥2(x+2) chdeanse ok izniseant 7. An alternating current i has the following values
figures. (11) at equal intervals of 5 ms:
d .
3. Determine: f ' x @ Timet(ms) 05 10 15 20 25 30
2sinx + cosx

Currenti (A) 0 48 9.1 127 88 35 0

4. Determine the following integrals:
Charge ¢, in coulombs, is given by

30x1073
q= / idt.
0

Use Simpson’s rule to determine the approximate
charge in the 30 ms period. 4)

(a) / 5xe*dx  (b) / 1% sin 2t dt (12)

5. Evaluate correct to 3 decimal places:
4
/ xInx dx ©)
1

35
6. Evaluate: / — dx using
1 X

(a) integration

(b) the trapezoidal rule
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55.1

Chapter 55

Areas under and
between curves

Area under a curve

The area shown shaded in Fig. 55.1 may be determined
using approximate methods (such as the trapezoidal
rule, the mid-ordinate rule or Simpson’s rule) or, more
precisely, by using integration.

y
y=fx)

0 xX=a _,| I(_ x=b x
dx
Figure 55.1
(1) LetA be the area shown shaded in Fig. 55.1 and let

(ii)

this area be divided into a number of strips each
of width éx. One such strip is shown and let the
area of this strip be 5A.

Then: J0A =~ yéx ()

The accuracy of statement (1) increases when the
width of each strip is reduced, i.e. area A is divided
into a greater number of strips.

Area A is equal to the sum of all the strips from
x=atox=>hb,

ie. A =limit é 2
i.e 1m102y X 2

(iii)

(iv)

)

SA
From statement (1), o Ry 3)
X

In the limit, as §x approaches zero, o becomes
X

dA
the differential coefficient T

.. [J6A dA
Hencelimit { — ) = — =y, from statement (3).
sx—0 \ dx dx

By integration,

dA .
/—dx:/ydx i.e. A=/ydx
dx

The ordinates x =a and x = b limit the area and
such ordinate values are shown as limits. Hence

A= / ’ ydx @)
a
Equating statements (2) and (4) gives:
x=b b
Area A = %1{11_1}13; yéx= /a ydx

b
=/ fx)dx

If the area between a curve x =f(y), the y-axis
and ordinates y=p and y=gq is required, then

q
area:/ xdy
P

Thus, determining the area under a curve by integration

merely involves evaluating a definite integral.

There are several instances in engineering and science

where the area beneath a curve needs to be accurately
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determined. For example, the areas between limits
of a:

velocity/time graph gives distance travelled,
force/distance graph gives work done,
voltage/current graph gives power, and so on.

Should a curve drop below the x-axis, then y (=f(x))
becomes negative and f(x) dx is negative. When deter-
mining such areas by integration, a negative sign is
placed before the integral. For the curve shown in
Fig. 55.2, the total shaded area is given by (area E +
area I’ 4 area G).

Y

G
N
/ o] a ch d X

Figure 55.2

By integration, total shaded area

b c d
- / F)dx — / Fe)dx + f F)ds
a b c

(Note that this is not the same as fad fx)dx.)
Itis usually necessary to sketch a curve in order to check
whether it crosses the x-axis.

55.2 Worked problems on the area

under a curve

Problem 1. Determine the area enclosed by
y=2x + 3, the x-axis and ordinates x =1 and x =4

y=2x+ 3 is astraight line graph as shown in Fig. 55.3,
where the required area is shown shaded.
By integration,

4
shaded area = / ydx
1

4

1
2x2 4
= |:7 +3x]1
=[(16+12) — (1 + 3)]

= 24 square units

y
12} /=2x+3

10

Figure 55.3
[This answer may be checked since the shaded area is a
trapezium.

Area of trapezium

_ l sum of parallel [ perpendicular distance
) sides between parallel sides

1
= 5(5 + 11D)(3)

= 24 square units]

Problem 2. The velocity v of a body ¢ seconds
after a certain instant is: (2t> + 5) m/s. Find by
integration how far it moves in the interval from
t=0tot=4s

Since 2r> 45 is a quadratic expression, the curve
v=2¢>+5 is a parabola cutting the v-axis at v=>5, as
shown in Fig. 55.4.

The distance travelled is given by the area under the v/t
curve (shown shaded in Fig. 55.4).

By integration,

4
shaded area = / vdt
0

4
=/ (1% 4 5)dt
0

4

5]
=|—+5¢
3 0

2(4%)
=( : +5(4>)—<0)

i.e. distance travelled = 62.67 m
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v (m/s)
40
v=2t2+5

30

20

Figure 55.4

Problem 3. Sketch the graph

y=x> 4 2x> — 5x — 6 between x = —3 and x =2
and determine the area enclosed by the curve and
the x-axis

y=x3+2x>-5x-6

Figure 55.5

A table of values is produced and the graph sketched as
shown in Fig. 55.5 where the area enclosed by the curve
and the x-axis is shown shaded.

b -27 -8 -1 0 1 8
2x? 18 8 2 0 2 8
— 5 15 10 5 0 -5 —10
—6 —6 | =6 =6 =6 =6 =6

-1 2
Shaded area= ydx — / ydx, the minus sign

-3 -1
before the second integral being necessary since the

enclosed area is below the x-axis.
Hence shaded area

~1
=/ (x3+2x2—5x—6)dx
-3

2
—/ (3 +2x% — 5x — 6) dx
-1

4 3 2
23 52 2
-+ — - — —6x
4 3 2 1

8 5P s
4 2

[

1
= ZIE or 21.08 square units

Problem 4. Determine the area enclosed by the
curve y = 3x2 + 4, the x-axis and ordinates x = 1
and x =4 by (a) the trapezoidal rule, (b) the
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mid-ordinate rule, (c) Simpson’s rule, and (c) By Simpson’s rule,
(d) integration 1 (width of first + last
area = — | . .
3 \interval ordinates
4 (SUm of even
x[01.01.5 2.0 25 3.0 35 4.0 + ordinates
y|4 710.75 16 22.75 3140.7552
s sum of remaining
y y=3x2 + 4 odd ordinates
ol Selecting 6 intervals, each of width 0.5, gives:
1
| area = §(0.5)[(7 +52) +4(10.75 4+ 22.75
|
40 - [
! +40.75) + 2(16 + 31)]
! i = 75 square units
| |
Vo (d) By integration, shaded area
Ak 4
| — [ vas
| | 1
L 4
Ak = f (3x? +4)dx
| | 1
| |
T 3 4
4 X = [x + 4x]1
= 75 square units
Figure 55.6 Integration gives the precise value for the area
5 ' o under a curve. In this case Simpson’s rule is seen
The curve y =3x~ +4 is shown plotted in Fig. 55.6. to be the most accurate of the three approximate
. methods.
(a) By the trapezoidal rule
width of \ | 1 (first + last sum of Problem 5. Find the area enclosed by the curve
Area = <interva1> 5 ( ordinate > + | remaining y = sin 2x, the x-axis and the ordinates x =0 and
ordinates _
x=m/3
Selecting 6 intervals each of width 0.5 gives:
| A sketch of y = sin 2x is shown in Fig. 55.7.
Area = (0.5) [5(7 +52)4+10.75+ 16
y
()
+22.75+ 31+ 40.75] L =
y =sin 2x .E
= 75.375 square units o
(b) By the mid-ordinate rule, y
area = (width of interval) (sum of mid-ordinates). 0 o3 m/2 T X
Selecting 6 intervals, each of width 0.5 gives the
mid-ordinates as shown by the broken lines in
Fig. 55.6.
Thus, area = (0.5)(8.5 + 13 4+ 19 + 26.5 Figure 55.7
+35.5 4 46) 27
. (Note that y = sin 2x has a period of —, i.e. 7 radians.)
= 74.25 square units 2



(@)
<
=
—
()
(<P
v

482 Engineering Mathematics

/3
Shaded area = / ydx
0

/3

=f sin 2x dx

0

r /3
= ——costi|

L 0
_ 1 27 1 0
= 2cos 3 2cos
B 1 1 1(1)
1 2\ 2 2
_ ! + .3 re unit:
=7 2—4squaeuls

Now try the following exercise

Exercise 191 Further problems on area

under curves

Unless otherwise stated all answers are in square
units.

1. Shown by integration that the area of the tri-
angle formed by the line y = 2x, the ordinates
x=0 and x =4 and the x-axis is 16 square
units.

2. Sketch the curve y =3x>+ 1 between x = —2
and x =4. Determine by integration the area
enclosed by the curve, the x-axis and ordinates
x =—1andx = 3. Use an approximate method
to find the area and compare your result with
that obtained by integration. [32]

In Problems 3 to 8, find the area enclosed between
the given curves, the horizontal axis and the given

ordinates.

3. y=5x; x=1,x=4 [37.5]
4. y=2x2—x+1; x=—1,x=2 [7.5]
5. y=2sin26; 9:0,9:% [1]
6. O0=t+e; 1=0,1=2 [8.389]
7. y=>5cos 3t t=0,t=% [1.67]
8. y=x—Dx—-3); x=0,x=3 [2.67]

55.3 Further worked problems on

the area under a curve

Problem 6. A gas expands according to the law
pv = constant. When the volume is 3 m? the
pressure is 150 kPa. Given that

v2
work done = / p dv, determine the work
v

done as the gas expands from 2m? to a

volume of 6 m3

pv=constant. When v=3m?> and p=150kPa the
constant is given by (3 x 150) =450kPam? or 450kJ.

450
Hence pv=450,0orp=—
v

6450
Work done = / —dv
2 v

— [4501n 0]} = 450[1n 6 — In2]

=4501n g =4501In3 = 494.4k]J

Problem 7. Determine the area enclosed by the

0
curve y =4 cos (E)’ the 6-axis and ordinates 6 =0

and(9=z
2

The curve y =4 cos (6/2) is shown in Fig. 55.8.

% /y = 4cos(%)

L L
ol m2 = on 3t 4n X

y

4

Figure 55.8
(Note thaty =4 cos
period 27/(1/2), i.e. 47 rads.)

0
5) has a maximum value of 4 and

/2 /2 I}
Shaded area = f ydo = / 4 cos —db
0 0 2

/2
Iy . o
= [4 (T) sin §j|
2 0
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_ (8 sin %) — (8sin0)

= 5.657 square units

Problem 8. Determine the area bounded by the
curve y = 3¢!/4, the t-axis and ordinates f = —1 and
t =4, correct to 4 significant figures

A table of values is produced as shown.

t —1 0 1 2 3 4
y=3e/* 234 30 3.85 495 635 8.15

Since all the values of y are positive the area required is
wholly above the -axis.

4
Hence area = / ydt
1

~ [ serar- [U /]

= 12[¢*]", = 12! — e/

(O8]

B

= 12(2.7183 — 0.7788)

= 12(1.9395) = 23.27 square units
Problem 9. Sketch the curve y =x* 4+ 5 between
x=—1 and x =4. Find the area enclosed by the
curve, the x-axis and the ordinates x =0 and x = 3.

Determine also, by integration, the area enclosed by
the curve and the y-axis, between the same limits

A table of values is produced and the curve y =x*+5
plotted as shown in Fig. 55.9.

3 3
Shaded area = / ydx = / (x> +5) dx
0 0
3 3
[+
5 0

= 24 square units

Whenx:S,y:32+5:l4, and when x =0, y=5.

Figure 55.9

Since y=x>+5thenx*>=y—5andx=./y -5

The area enclosed by the curve y=x>+5 (ie.
x=4/y—1>5), the y-axis and the ordinates y=5 and
y=14 (i.e. area ABC of Fig. 55.9) is given by:

y=14 14
Area:/ xdy:/ vy —>5dy
y 5

y=5

14
=£ (o — 52 dy

d
Letu=y—35, thend—uzlanddyzdu
Y

(y—35)"2dy=

(for algebraic substitutions, see Chapter 49)
Since u =y — 5 then

14 2
5= 2o 5

= %[@—0}

= 18 square units

(Check: From Fig. 55.9, area BCPQ + area ABC =24 +
18 =42 square units, which is the area of rectangle
ABQP.)

2
Hence u'du= §u3/2

Problem 10. Determine the area between the
curve y =x> — 2x* — 8x and the x-axis

y=x3—2x2—8x:x(x2—2x—8)

=x(x+2)(x —4)

When y=0, then x=0 or (x+2)=0 or (x —4)=0,
i.e. when y=0, x=0 or —2 or 4, which means that
the curve crosses the x-axis at 0, —2 and 4. Since
the curve is a continuous function, only one other
co-ordinate value needs to be calculated before a sketch
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of the curve can be produced. When x=1, y=-9,
showing that the part of the curve between x =0 and
x = 4isnegative. A sketch of y = x> — 2x? — 8xis shown
in Fig. 55.10. (Another method of sketching Fig. 55.10
would have been to draw up a table of values.)

10F

|-y =x3-2x2-8x

—201

Figure 55.10

0
Shaded area = f (x} —2x* — 8x) dx
-2

4
—/ (> —2x? — 8x) dx
0

() (=)

1
= 493 square units

Now try the following exercise

Exercise 192 Further problems on areas
under curves

In Problems 1 and 2, find the area enclosed between
the given curves, the horizontal axis and the given
ordinates.

1. y=2x3; x=—-2,x=2 [16 square units]

2. xy=4; x=1,x=4  [5.545 square units]

3. The force F newtons acting on a body at
a distance x metres from a fixed point is
given by: F=23x+2x>. If work done=

x
/ F dx, determine the work done when the

X1

body moves from the position where x =1 m
to that where x =3 m. [29.33 Nm]

4. Find the area between the curve y = 4x — x>

and the x-axis. [10.67 square units]

5. Determine the area enclosed by the curve
y= 5x% + 2, the x-axis and the ordinates x = 0
and x = 3. Find also the area enclosed by the
curve and the y-axis between the same limits.

[51 sq. units, 90 sq. units]

6. Calculate the area enclosed between
y = x> —4x? — 5x and the x-axis.
[73.83 sq. units]

7. The velocity v of a vehicle 7 seconds after a
certain instant is given by: v= (37> 4+4) m/s.
Determine how far it moves in the interval from
t=1stot=35s. [140 m]

8. A gas expands according to the law pv=
constant. When the volume is 2m?> the pres-
sure is 250 kPa. Find the work done as the gas
expands from 1 m? to a volume of 4m> given

v
that work done = / pdv [693.1kJ]

V1

55.4 The area between curves

The area enclosed between curves y = f1 (x) and y = f>(x)
(shown shaded in Fig. 55.11) is given by:

b b
shaded area = / frlx)dx — / fi(x)dx

b
- / Lf2(x) — fa)]dx

Figure 55.11
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Problem 11. Determine the area enclosed Problem 12. (a) Determine the coordinates of the
between the curves y=x>+1andy=7 —x points of intersection of the curves y = x> and
y? = 8x. (b) Sketch the curves y =x? and y> = 8x on
the same axes. (c) Calculate the area enclosed by
At the points of intersection, the curves are equal. the two curves
Thus, equating the y-values of each curve gives:
x% 4 1="7 —x, from which x> 4 x — 6 = 0. Factorising
gives (x — 2)(x + 3) =0, from which, x =2 and x = —3.
By firstly determining the points of intersection the

(a) Atthe points of intersection the coordinates of the

curves are equal. When y = x? then y* = x*.

range of x-values has been found. Tables of values are Hence at the points of intersection x* = 8x, by
produced as shown below. equating the y? values.
Thus x* — 8x =0, from which )c()c3 —8)=0, ie.
x —o 2 U2 x=0or (x*—8)=0.
_ .2
y=x"+1 10 5 2 1 25 Hence at the points of intersection x =0 or x =2.
When x =0, y=0 and when x =2, y =22 =4,
X =3 0 2
Hence the points of intersection of the curves
y=T-x 10 7 5 y=x2 and y?> =8 x are (0, 0) and (2, 4)
A sketch of the two curves is shown in Fig. 55.12. (b) A sketch of y=x* and y*=8x is shown in
Fig. 55.13
y y y= x?
10+ — 42
y=x+1 b — T ex
| {or y=v8x)
l |
| | y=7x ot |
lI i 1 1 ! I
-3 -2 1 0 1 2 x N~ i !
0 1 2 X
Figure 55.12 \

2 2
_ . _ 2
Shaded area = [3 (7 — x)dx /;3 (" + Ddx Figure 55.13

2
’ = 2
= /_3 [(7 —x) — (% + 1)]dx (c) Shaded area = /0 {(v/8x — x?}dx

2
? — 12 .2
= / (6 — x — xP)dx = /0 (V8)x'/? — x*}dx
-3

:(12—2—§>—<—IS—§+9> ={%—§}—{0}

5 2 ,
= 20- square units = 25 square units
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Problem 13. Determine by integration the area
bounded by the three straight lines y=4 — x, y=3x
and 3y=x

Each of the straight lines is shown sketched in
Fig. 55.14.

y
y=4\X ¥ =3x
4
2r 3y=x(ory=§)
]
1 1 1
0 1 2 3 N X

Figure 55.14

Shaded area = /0 (3x - %C)dx

square units

Now try the following exercise

Exercise 193 Further problems on areas
between curves

1. Determine the coordinates of the points of
intersection and the area enclosed between the
parabolas y* = 3x and x? = 3y.

[(0, 0) and (3, 3), 3 sq. units]

2. Sketch the curves y=x>+3 and y=7 — 3x
and determine the area enclosed by them.
[20.83 square units]

3. Determine the area enclosed by the curves
y= sinx and y = cos x and the y-axis.
[0.4142 square units]

4. Determine the area enclosed by the three
straight lines y=3x, 2y=x and y +2x =5
[2.5 sq. units]



Chapter 56

Mean and root mean

56.1 Mean or average values

(i) The mean or average value of the curve shown in
Fig. 56.1, between x =a and x = b, is given by:
mean or average value,

area under curve

’= length of base

y = f(x)

Figure 56.1

(i) When the area under a curve may be obtained by
integration then:
mean or average value,

y=24
b
bia/a fx)dx

(iii) For a periodic function, such as a sine wave, the
mean value is assumed to be ‘the mean value over

i.e. y=

square values

halfacycle’, since the mean value over acomplete
cycle is zero.

Problem 1. Determine, using integration, the
mean value of y = 5x? between x =1 and x =4

Mean value,
1t 1[4
y=—" ydx:—/ 5x% dx
4—-1J 31
15371t 5 4, s
=—|—| == =—-(64—-1)=35
3[ 3 ]1 9[x]1 9( )

Problem 2. A sinusoidal voltage is given by
v =100 sin wt volts. Determine the mean value of
the voltage over half a cycle using integration

Half a cycle means the limits are O to 7 radians.
Mean value,

e

V= —— d(wt
v =0/, vd(wt)
1 [~ . 100 P
= —/ 100 sin wr d(wt) = —[—cos wi |
T Jo T
100
= —[(—cosm) — (—cos0)]
b4
100 200
= —[+D - (Dl ==—
b4 b4
= 63.66 volts

[Note that for a sine wave,

2
mean value = — x maximum value
4
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2
In this case, mean value = — x 100 =63.66 V]
b1

Problem 3. Calculate the mean value of
y=3x?+2in the range x =0 to x = 3 by (a) the
mid-ordinate rule and (b) integration

(a) A graph of y=23x? over the required range is
shown in Fig. 56.2 using the following table:

x 0 05 1015 20 25 3.0

y 2.0 275 5.0 8.75 14.0 20.75 29.0

y
=3x2+2
30 - y

10

Figure 56.2

Using the mid-ordinate rule, mean value
area under curve
length of base

sum of mid-ordinates

number of mid-ordinates

Selecting 6 intervals, each of width 0.5, the mid-
ordinates are erected as shown by the broken lines

in Fig. 56.2.
22437467+ 11.2
+17.2 +24.7
Mean value = 5

65.7
= — =10.95
6

(b) By integration, mean value

1 3

~3-0/,

1 3 3 1
_ 5[x + 2]} = §[(27 +6) — (0)]

1 3
ydx:—/ (3x% + 2)dx
3 Jo

=11

The answer obtained by integration is exact;
greater accuracy may be obtained by the mid-
ordinate rule if a larger number of intervals are
selected.

Problem 4. The number of atoms, N, remaining
in a mass of material during radioactive decay after
time ¢ seconds is given by: N = Npe™*!, where N
and A are constants. Determine the mean number of
atoms in the mass of material for the time period

1
t=0andt=—
A

Mean number of atoms

1/x

1 1/x
N()e_)”t dt

=71 Ndt =
—_0Y0
A

1/ oM 1/
= ANy / e Mdr = AN [ ]
0 =X 1o

= —Nole /" — ) = —Nole™" — "]

0

= +Np[e® — e 1= No[1 — e '] = 0.632 N

Now try the following exercise

Exercise 194 Further problems on mean or
average values

1. Determine the mean value of (a) y = 34/x from
x=0 to x=4 (b) y=sin20 from 6=0 to

9:% (c)y=4e fromt=1tor=4
2
|:(a) 4 (b) —or0.637 (c) 69.17i|
T
2. Calculate the mean value of y = 2x* 4 5 in the

range x =1 to x=4 by (a) the mid-ordinate
rule, and (b) integration. [19]
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3. The speed v of a vehicle is given by:
v = (4t + 3) m/s, where ¢ is the time in seconds.
Determine the average value of the speed from
t=0tor=3s. [9m/s]

4. Find the mean value of the curve
y=6+x—x> which lies above the x-
axis by using an approximate method. Check
the result using integration. [4.17]

5. The vertical height h km of a missile varies
with the horizontal distance d km, and is given
by h=4d — d*. Determine the mean height of
the missile from d =0 to d =4 km.

[2.67 km]

6. The velocity v of a piston moving with simple
harmonic motion at any time 7 is given by:
v = c sin wt, where c¢ is a constant. Determine

. T
the mean velocity between =0 and t = —
1)

2
T
56.2 Root mean square values

The root mean square value of a quantity is ‘the sqaure
root of the mean value of the squared values of the quan-
tity’ taken over an interval. With reference to Fig. 56.1,
the r.m.s. value of y =f(x) over the range x =atox =b

is given by:
1 b
/ y2dx
b—a ),

One of the principal applications of r.m.s. values is with
alternating currents and voltages. The r.m.s. value of
an alternating current is defined as that current which
will give the same heating effect as the equivalent direct
current.

r.m.s. value =

Problem 5. Determine the r.m.s. value of y = 2x?
between x =1 and x =4

R.m.s. value

1 4 1 [
= [— 2dx = [ = 2x2)2 d
4_1/;yx 3'/1(x)x

1[4 47x57"
—/ dxtde = [~ |
3 )i 315
4
‘/E(1024 —1)=+2728 =165

Problem 6. A sinusoidal voltage has a maximum
value of 100 V. Calculate its r.m.s. value

A sinusoidal voltage v having a maximum value of 100 V
may be written as: v =100sin 6. Over the range 8 =0

tof =,
1 T
= 2de
71—0/0 v
1 T
—/ (100 sin 6)2 d6
7 Jo
10000 [T~
=\/ /sin29d6
T 0

which is not a ‘standard’ integral. It is shown in Chapter
27 that cos 2A =1 —2sin® A and this formula is used
whenever sin® A needs to be integrated.

Rearranging cos 24 = 1 — 2sin” A gives

sin?A = %(1 — cos2A)

10000 (7
Hence sin“ 6.d6
T 0

10000 (™1
=\/ / —(1 — cos20)do
/s 0 2

_ [1o0001T, sin207"
B T 2 2

r.m.s. value

10000 1 sin 27 sin 0
= — |7 - —(0-—
T 2 2 2
10000 1 \/10000
fr— —— .71 e —
2 2
100

= — =70.71 volts
V2

[Note that for a sine wave,

r.m.s. value = —2 X maximum value.

1
In this case, r.m.s. value = — x 100 =70.71V]
V2
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Problem 7. 1In a frequency distribution the
average distance from the mean, y, is related to the
variable, x, by the equation y = 2x”> — 1. Determine,
correct to 3 significant figures, the r.m.s. deviation
from the mean for values of x from —1 to +4

R.m.s. deviation

1 v
= y dx
4—-—1 /4
1 4
= —/ (2x2 — 1)2dx
5/
1 4
= 5/ (4x* — 4x2 + 1)dx
-1
_ i e N
V515 3 Y

T4 05 _ 4o
5[(5«1) L@ +4)

(s
<5( 1) 3( 1) +( 1))]

= \/é[(737.87) — (—0.467)]

/1
= 5[738.34]

=+ 147.67 = 12.152 = 12.2,

correct to 3 significant figures.

Now try the following exercise

Exercise 195 Further problems on root
mean square values

1. Determine the r.m.s. values of:
(@) y=3xfromx=0tox=4
(b) y=ffromt=1tor=3
(c) y=25sinf fromH=0to=2m

[(a) 6.928 (b)4.919 (c) % or 17.681|

Calculate the r.m.s. values of:
T
(a) y=sin20fromf=0tofh= n

(b) y=1+ sintfromt=0tor=2m
(c) y=3cos2xfromx=0tox=m

1
(Note that cos? t = 5(1 + cos 2t), from Chap-
ter 27).

1

(@) —= or 0.707 (b) 1.225 (c) 2.121]
[ V2

The distance, p, of points from the mean value

of a frequency distribution are related to the

1
variable, ¢, by the equation p = — + g. Deter-

mine the standard deviation (i.e. the r.m.s.
value), correct to 3 significant figures, for
values from g =1to g =3. [2.58]

A current, i = 30 sin 100t amperes is applied
across an electric circuit. Determine its mean
and r.m.s. values, each correct to 4 significant
figures, over the range t =0 to = 10 ms.
[19.10A, 21.21 A]

A sinusoidal voltage has a peak value of 340 V.
Calculate its mean and r.m.s. values, correct to
3 significant figures. [216V, 240 V]

Determine the form factor, correct to 3 sig-
nificant figures, of a sinusoidal voltage of

maximum value 100 volts, given that form

r.m.s. value
factor= —— [1.11]
average value

A wave is defined by the equation:
v = Ej sin wt + Ej sin 3wt

where, E|, E5 and w are constants.

Determine the r.m.s. value of v over the interval

2 2
ET + E3
2

T
O<tr<-—



Chapter 57

Volumes of solids of

57.1 Introduction

If the area under the curve y=f(x), (shown in
Fig. 57.1(a)), between x =a and x =D is rotated 360°
about the x-axis, then a volume known as a solid of
revolution is produced as shown in Fig. 57.1(b).

y
y=1f(x)
|
|
|
|
o Jh
0| x=a —ff— x=bx
14
(a)
y
y=f(x)
X
|
yl !l |
| [ |
0 a ; b x
\\ |
|
|
(b)

Figure 57.1

The volume of such a solid may be determined precisely
using integration.

revolution

(i) Let the area shown in Fig. 57.1(a) be divided into
anumber of strips each of width 8x. One such strip
is shown shaded.

(i1)) When the area is rotated 360° about the x-axis,
each strip produces a solid of revolution approx-
imating to a circular disc of radius y and thick-
ness éx. Volume of disc = (circular cross-sectional
area) (thickness) = (ry?)(8x)

(iii) Total volume, V, between ordinates x =a and
x =b is given by:

x=b

b
Volume V = limit 28x = 2 d
u 61)(_)10); TYy” 8x /; wy” dx

If a curve x =f(y) is rotated about the y-axis 360°
between the limits y=c and y=d, as shown in
Fig. 57.2, then the volume generated is given by:

y=d d
Volume V = limit )  7x? dy = / nx? dy
c

6y—>0y=c

Figure 57.2
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57.2 Worked problems on volumes of

solids of revolution

Problem 1. Determine the volume of the solid of
revolution formed when the curve y =2 is rotated
360° about the x-axis between the limits x =0
tox=3

When y =2 is rotated 360° about the x-axis between
x=0and x =3 (see Fig. 57.3):

volume generated

3 3
= / 7ty2 dx = / 7(2)% dx
0 0

3
= / 47 dx = 4m[x]3 = 127 cubic units
0

[Check: The volume generated is a cylinder of radius 2
and height 3.

Volume of cylinder = 772 = 7(2)*(3) = 127 cubic
units. ]

Figure 57.3

Problem 2. Find the volume of the solid of
revolution when the cure y = 2x is rotated

one revolution about the x-axis between the limits
x=0andx=5

When y=2x is revolved one revolution about the
x-axis between x =0 and x =5 (see Fig. 57.4) then:

volume generated

5 5
- / my?dx = f 7(2x)*dx
0 0

5

5 x3
=f 47'rx2aix=47t|:—:|
0 3 1o

500

2
= 166 - cubic units
3 3

—10

Figure 57.4

[Check: The volume generated is a cone of radius 10
and height 5. Volume of cone

1 1
= —nr*h = —7(10)*5 =

5007
3 3 3

2
= 166§n cubic units. ]

Problem 3. The curve y =x? + 4 is rotated one
revolution about the x-axis between the limits

x =1 and x =4. Determine the volume of the
solid of revolution produced

Figure 57.5

Revolving the shaded area shown in Fig. 57.5 about the
x-axis 360° produces a solid of revolution given by:

4 4
Volume = / ny?dx = / m(x* + 4)*dx
1 1

4
=/ (x* + 8x% + 16)dx
1
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X 8x3 4

= — + — + 16

T |: 5 + 3 + x]l

= [(204.8 4+ 170.67 + 64) — (0.2 + 2.67 + 16)]

= 420.67 cubic units

Problem 4. If the curve in Problem 3 is revolved
about the y-axis between the same limits, determine
the volume of the solid of revolution produced

The volume produced when the curve y=x”>+4 is
rotated about the y-axis between y=35 (when x=1)
and y =20 (when x =4), i.e. rotating area ABCD of
Fig. 57.5 about the y-axis is given by:

20
volume = f nx? dy
5
Since y=x? +4, then x> =y — 4

20 52 20
Hence volume = / a(y — 4)dy = nl:? — 4y}
3 5

= 7[(120) — (=7.5)]

= 127.57 cubic units

Now try the following exercise

Exercise 196 Further problems on volumes
of solids of revolution

(Answers are in cubic units and in terms of 7).

In Problems 1 to 5, determine the volume of the
solid of revolution formed by revolving the areas
enclosed by the given curve, the x-axis and the
given ordinates through one revolution about the
X-axis.

1. y=5x; x=1,x=4 [5257]

2. y=x% x=-2,x=3 [557]

3. y=2x24+3; x=0,x=2 [75.67]
y2

4. Z:x; x=1,x=5 [487]

5. xy=3; x=2,x=3 [1.57]

In Problems 6 to 8, determine the volume of the
solid of revolution formed by revolving the areas

Figure 57.6

X
A sketch of y=3e3 is shown in Fig. 57.6. When the
shaded area is rotated 360° about the x-axis then:

enclosed by the given curves, the y-axis and the
given ordinates through one revolution about the
y-axis.

6. y=x% y=1,y=3 [47]

7. y=3x*—-1; y=2,y=4 [2.677]
2

8. y=-; y=1y=3 [2.677]
X

9. The curve y =2x? + 3 is rotated about (a) the
x-axis between the limits x=0 and x=23,
and (b) the y-axis, between the same limits.
Determine the volume generated in each case.

[(a) 329.4r (b) 817]

57.3 Further worked problems on

volumes of solids of revolution

Problem 5. The area enclosed by the curve

Y
vy =3e3, the x-axis and ordinates x = —1 and x =3
is rotated 360° about the x-axis. Determine the
volume generated

y
i (ﬂ P
y=3e°
4—
E E // Al
-1 0 1 2 3 x

3
volume generated = / erz dx
-1

= /31 n(3e§>2dx

3 %
= 971/ e3 dx
~1

(o))
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23
e3

2
3

9

-1

277r<2 _2)
—|e"—e 3
2

= 92.827 cubic units

Problem 6. Determine the volume generated
when the area above the x-axis bounded by the
curve x> 4 y? =9 and the ordinates x =3 and

x = —3 is rotated one revolution about the x-axis

Figure 57.7 shows the part of the curve x> + y> = 9 lying
above the x-axis, Since, in general, X2+ y2 =r? repre-
sents a circle, centre 0 and radius r, then x2 + y2 =9
represents a circle, centre 0 and radius 3. When the
semi-circular area of Fig. 57.7 is rotated one revolution
about the x-axis then:

3

volume generated = / my*dx

-3

3
= / (9 — xz)dx

-3

393
=7t|:9x— x—i|
315

= n(18) — (-18)]

= 367 cubic units

xX2+y°=9

Figure 57.7

(Check: The volume generated is a sphere of
4 4

radius 3. Volume of spherezgnr3=§n(3)3=

367 cubic units.)

Problem 7. Calculate the volume of a frustum of
a sphere of radius 4 cm that lies between two
parallel planes at 1 cm and 3 cm from the centre and
on the same side of it

Figure 57.8

The volume of a frustum of a sphere may be determined
by integration by rotating the curve x> +y?> =42 (i.e.
a circle, centre 0, radius 4) one revolution about the
x-axis, between the limits x =1 and x =3 (i.e. rotating
the shaded area of Fig. 57.8).

3
Volume of frustum = / wy? dx
1

3
= / 7(4* — x*)dx
1

3

]
)

1
= 23§7t cubic units

Problem 8. The area enclosed between the two
parabolas y = x* and y? = 8x of Problem 12,
Chapter 55, page 485, is rotated 360° about the
x-axis. Determine the volume of the solid produced

The area enclosed by the two curves is shown in
Fig. 55.13, page 485. The volume produced by revolv-
ing the shaded area about the x-axis is given by:
[(volume produced by revolving y? =8x) — (volume
produced by revolving y = x?)]

2 2
i.e. volume =/ JT(Sx)dx—/ 7r(x4)dx
0 0
2 82 592
- n/ (8x — x*ydx = n[i - x—}
0 0

3o

= 9.6 cubic units
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Now try the following exercise

Exercise 197 Further problems on volumes
of solids of revolution

(Answers to volumes are in cubic units and in
terms of 7.)

In Problems 1 and 2, determine the volume of the
solid of revolution formed by revolving the areas
enclosed by the given curve, the x-axis and the
given ordinates through one revolution about the
X-axis.

1. y=4e; x=0;, x=2

2. y=secx; x=0, x=% []

[428.87]

In Problems 3 and 4, determine the volume of the
solid of revolution formed by revolving the areas
enclosed by the given curves, the y-axis and the
given ordinates through one revolution about the
y-axis.

3. X24y*=16; y=0, y=4

4. xfy=2; y=2,y=3

5. Determine the volume of a plug formed by the
frustum of a sphere of radius 6 cm which lies
between two parallel planes at 2 cm and 4 cm
from the centre and on the same side of it.
(The equation of a circle, centre 0, radius r is
2 +yr=r?). [53.337]

[42.67r]
[1.6227]

The area enclosed between the two curves

x? =3y and y*> = 3x is rotated about the x-axis.

Determine the volume of the solid formed.
[8.17]

1
The portion of the curve y=x?+ — lying
x

between x = 1 and x = 3 isrevolved 360° about
the x-axis. Determine the volume of the solid
formed. [57.077]

Calculate the volume of the frustum of a sphere
of radius 5cm that lies between two parallel
planes at 3cm and 2 cm from the centre and
on opposite sides of it. [113.337]

Sketch the curves y=x+2 and y — 12 =3x
from x =—3 to x =6. Determine (a) the co-
ordinates of the points of intersection of the
two curves, and (b) the area enclosed by the
two curves. (c) If the enclosed area is rotated
360° about the x-axis, calculate the volume of
the solid produced

(a) (—2,6) and (5,27)

(b) 57.17 square units

(c) 13267 cubic units
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Chapter 58

Centroids of simple shapes

58.1 Centroids

A lamina is a thin flat sheet having uniform thickness.
The centre of gravity of a lamina is the point where
it balances perfectly, i.e. the lamina’s centre of mass.
When dealing with an area (i.e. a lamina of negligible
thickness and mass) the term centre of area or centroid
is used for the point where the centre of gravity of a
lamina of that shape would lie.

58.2 The first moment of area

The first moment of area is defined as the product of
the area and the perpendicular distance of its centroid
from a given axis in the plane of the area. In Fig. 58.1,
the first moment of area A about axis XX is given by
(Ay) cubic units.

Area A

Figure 58.1

58.3 Centroid of area between a

curve and the x-axis

(1) Figure 58.2 shows an area PORS bounded by the
curve y =f(x), the x-axis and ordinates x = a and
x =b. Let this area be divided into a large number
of strips, each of width 8x. A typical strip is shown
shaded drawn at point (x, y) on f(x). The area of

(i)

(iii)

(iv)
)

the strip is approximately rectangular and is given
by yéx. The centroid, C, has coordinates (x, %)

Figure 58.2

First moment of area of shaded strip about axis
Oy = (yéx)(x) = xybx.
Total first moment of area PQRS about axis
Oy= }Simi(gZ:iZZ xyéx= |, ab xy dx

x—>
First moment of area of shaded strip about axis

Ox = (ydx) (%) = %yzx.

Total first moment of area PQRS about axis
1 I
s w=b 1 9 2
Ongn_l)léZi:a > Sx= 5/; vy~ dx
Area of PORS, A= f ab ydx (from Chapter 55)
Let x and y be the distances of the centroid
of area A about Oy and Ox respectively then:
(x¥)(A) =total first moment of area A about axis
b
Oy= [ xydx

from which, X =
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and (¥)(A) = total moment of area A about axis

[ )
Ox:ifa y2 dx
1 b
E/ yzdx
from which, y=—

58.4 Centroid of area between

a curve and the y-axis

If x and y are the distances of the centroid of area EFGH
in Fig. 58.3 from Oy and Ox respectively, then, by
similar reasoning as above:

=d X 14 2
X)(total = limit Syl=) == d
(x)(total area) alytll)loygcxy(z) 2/C x“dy

1 d

7/ xza'y

2/

from which, xX=

d
/ xdy
(4

y=d d
and (¥)(total area) =limit Y (xdy)y = f xy dy
8y%0y=c ¢

d
/ xy dy
Je_
d
/ xdy
(4

from which, y=

x=1(y)

* ey
y
y=chr-——"----/g

Figure 58.3

58.5 Worked problems on centroids

of simple shapes

Problem 1. Show, by integration, that the
centroid of a rectangle lies at the intersection of
the diagonals

Let a rectangle be formed by the line y = b, the x-axis
and ordinates x =0 and x =/ as shown in Fig. 58.4. Let
the coordinates of the centroid C of this area be (X, y).

1 1
/ xy dx / (x)(b) dx
0 _J0
1 - l
/ ydx / b dx
0 0

By integration, x =

and y = =
Y l bl
/ ydx
0
1 b’l
2 1l
_E[b )C]O _ 7 _ b
bl bl 2
Y b
y:
b v
< )_?\\C////
//// 7\\\\
0 I} X
Figure 58.4

L b
i.e. the centroid lies at (5 E) which is at the

intersection of the diagonals.
Problem 2. Find the position of the centroid of

the area bounded by the curve y = 3x2, the x-axis
and the ordinates x =0 and x =2

If, (x, y) are the co-ordinates of the centroid of the given

area then:
2 2
/ xydx / x(3x?)dx
0 0

X = =

2 2
/ ydx / 3x2dx
0 0

(o))
c
S
—
O
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v
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122 12 2\2
— d — 3 d.
Z/Oy x_zfo(x)x

y=—"3 A
/ydx
0
[ 351 56)
x“dx | | =
0 =2 5 0=2 5
8 8 8
18
=—=36
5

Hence the centroid lies at (1.5, 3.6)

Problem 3. Determine by integration the position
of the centroid of the area enclosed by the line
y =4x, the x-axis and ordinates x=0 and x =3

(@)
<
=
—
()
(<P
v

y
y = 4x
12— — — 5
% ¢ {
L Y
01A 3 X
Figure 58.5
Let the coordinates of the area be (x,y) as shown in
Fig. 58.5.
3 3
/ xy dx / (x)(4x)dx
-_Jo _Jo
Then x = 3 = 3
/ ydx f 4x dx
0 0
o [4]
Ax“dx —_
3 2x213 18
/ 4x dx
0
13 13
— / ydx = / (4x)%dx
- 2Jo _2Jo
= - 18

3
/ ydx
0

U oo 1[16x3]3
2/0 A 0o_T2_,
8 18 18

Hence the centroid lies at (2, 4).
In Fig. 58.5, ABD is aright-angled triangle. The cen-
troid lies 4 units from AB and 1 unit from BD showing

that the centroid of a triangle lies at one-third of the
perpendicular height above any side as base.

Now try the following exercise

Exercise 198 Further problems on
centroids of simple shapes

InProblems 1 to 5, find the position of the centroids
of the areas bounded by the given curves, the x-axis
and the given ordinates.

. y=2x; x=0,x=3 [(2, 2)]

2. y=3x+2; x=0,x=4
[(2.50, 4.75)]
[(3.036, 24.36)]
[(1.60, 4.57)]

5. y=xBx+1); x=—1,x=0
[(—0.833, 0.633)]

58.6 Further worked problems on

centroids of simple shapes

Problem 4. Determien the co-ordinates of the
centroid of the area lying between the curve
y = 5x — x? and the x-axis

y=5x—x>=x(5—x). When y=0, x=0 or x=>5,
Hence the curve cuts the x-axis at 0 and 5 as shown in

Fig. 58.6. Let the co-ordinates of the centroid be (x,y)
then, by integration,

5 5
/xydx fx(Sx—xz)dx
= __ J0 _J0
X =" =

5

/ydx /(Sx—xz)dx

0 0
5 563 x*
23 2L
_/0 (5x x)dx_ [ 3 n
x3
3

== =
/ (5x — xz)dx [ﬁ —
0 2

=
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625 625 625 From Section 58.4,
__3 4 _ 12 4 4
125 125 125 1 2 1 y
i — i — [ x“dy - dy
2 3 6 = 2N _2h 2
625\ [ 6 5 ! /4 \/?
== )(—=—)===25 xd 5d.
(12)(125) 2 /1 S A
1 5 1 5 1 24
—/ y2dx —/ (5x — x*)%dx R 15
- 2 0 2 0 2 4 1 8
y= L — L = 1= = 0.568
5 2132 14
ydx (5x —x%) dx a7 —=
0 0 3V2 ], 3V2
e 2 3, 4
_Efo (2557 — 10 4+ x*) dx / wdy f@)dy
- 125 and y=
6 5 fl xdy 3 ﬁ
1[25x3  10x* " x° 4
2003 4 5], ‘o 1|y
75 Py V|3
6 _Ji V2T 2
1 (25125 6250 14 14
2 ( 3 4 625) 3«/5 32
= = 2.5
125
= f(3])
6 =2 — 2.657
3J§
y Hence the position of the centroid is at (0.568, 2.657)
sk
Problem 6. Locate the position of the centroid
8l enclosed by the curves y = x? and y* = 8x
4 -
P Figure 58.7 shows the two curves intersection at (0, 0)
and (2, 4). These are the same curves as used in
5 Problem 12, Chapter 55 where the shaded area was
/
y (@)Y
Figure 58.6 y=x2 2 _ g S
T (or y =\8x) it
24 : A
Hence the centroid of the area lies at (2.5, 2.5) 3 2 !
(Note from Fig. 58.6 that the curve is symmetrical about y‘ A |
x=2.5 and thus x could have been determined ‘on ar 1°|C !
sight’). 1 l
|
\ X2 :
Problem 5. Locate the centroid of the area 0 ‘1| > X
enclosed by the curve y = 2x?, the y-axis and \
ordinates y =1 and y =4, correct to 3 decimal
places .
Figure 58.7
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calculated as 2% square units. Let the co-ordinates of
centroid C be x and y.

Thus the position of the centroid of the enclosed area
in Fig. 58.7 is at (0.9, 1.8)

(@)
[
=
—
()
(<P
v

2
xy dx
0

2
ydx

By integration, x =

0
The value of y is given by the height of the typical strip
shown in Fig. 58.7, i.e. y = +/8x — x%. Hence,

2 2
/ x(x/a — xz)dx / («/§x3/2 — x3)
0 _Jo

Now try the following exercise

Exercise 199 Further problems on centroids

of simple shapes

Determine the position of the centroid of a
sheet of metal formed by the curve y = 4x — x>
which lies above the x-axis. [(2, 1.6)]

2
2— 2—
3 5 3 Find the coordinates of the centroid of the
. y
52y J> area that lies between curve = x — 2 and the
\/_T - \/§—5 —4 x-axis. [(1, —0.4)]
= 2 ) 0 — 2 Determine the coordinates of the centroid of
25 2— the area formed between the curve y =9 — x>
and the x-axis. [(0, 3.6)]
2 Determine the centroid of the area lying
2§ between y = 4x?, the y-axis and the ordinates
=2= 0.9 y=0and y=4. [(0.375, 2.40]
3

Care needs to be taken when finding y in such
examples as this. From Fig. 58.7, y=+/8x —x? and

1
Y _ 5(«/ 8x —x?). The perpendicular distance from

2

centroid C of the strip to Ox is %(\/g —x2) +x2.

Taking moments about Ox gives:

(total area) (y) = ij(z)(area of strip) (perpendicular
distance of centroid of strip to Ox)

Hence (area) (y)

= / [@ — xz] B(«/ﬁ — x4+ xz]dx

ie. (2%) G) = /02 [@ - xz] (@ + x_z> dx

Find the position of the centroid of the area
enclosed by the curve y = +/5x, the x-axis and
the ordinate x = 5. [(3.0, 1.875)]

Sketch the curve y?> =9x between the limits
x =0 and x =4. Determine the position of the
centroid of this area. [(2.4,0)]

Calculate the points of intersection of the

curves x2 = 4y and A =x, and determine the

position of the centroid of the area enclosed by
them. [(0, 0) and (4, 4), (1.80, 1.80)]

Determine the position of the centroid of the
sector of a circle of radius 3 cm whose angle
subtended at the centre is 40°.
On the centre line, 1.96 cm
[from the centre i|

Sketch the curves y=2x>+45 and
y—8=x(x+2) on the same axes and
determine their points of intersection. Calcu-
late the coordinates of the centroid of the area
enclosed by the two curves.

[(—1,7)and (3, 23), (1, 10.20)]



Centroids of simple shapes 501

58.7 Theorem of Pappus

A theorem of Pappus states:
‘If a plane area is rotated about an axis in its own plane
but not intersecting it, the volume of the solid formed is
given by the product of the area and the distance moved
by the centroid of the area’.

With reference to Fig. 58.8, when the curve y =f(x)
is rotated one revolution about the x-axis between the
limits x=a and x=>b, the volume V generated is

given by:
volume V = (A)(2ry), from which,
. \ %4
Y= 274
= f(x)
y y/ ()
Area A
C
Iy
['x=a xX=b x
Figure 58.8

Problem 7. Determine the position of the
centroid of a semicircle of radius r by using the
theorem of Pappus. Check the answer by using
integration (given that the equation of a circle,
centre 0, radius 7 is x> + y2 = r2)

A semicircle is shown in Fig. 58.9 with its diame-

ter lying on the x-axis and its centre at the origin.
2

.. r .
Area of semicircle= ——. When the area is rotated

about the x-axis one revolution a sphere is generated

4
of volume 57‘[1”3.

x2+y?=r?

y C
3l
0
Figure 58.9

Let centroid C be at a distance y from the origin
as shown in Fig. 58.9. From the theorem of Pappus,

volume generated = area x distance moved through by
centroid i.e.

4 2
57”3 = (7%) 2my)

y =
area

1 1 27

- ¢ =xPdx < I:l”zx - —:|
— 2 —r — 3 —r

2 r2
2 2

1 = =

— 3 Y (.3
l-5)-(+5)]
N r? 37

Hence the centroid of a semicircle lies on the axis
r

of symmetry, distance I (or 0.424r) from its
T

diameter.

Problem 8. Calculate the area bounded by the
curve y = 2x2, the x-axis and ordinates x = 0 and

x =3. (b) If this area is revolved (i) about the x-axis
and (ii) about the y-axis, find the volumes of the
solids produced. (c) Locate the position of the
centroid using (i) integration, and (ii) the theorem
of Pappus

y = 2x?
18} —mmmmm -
12
6 X
< N
RN
0 1 2 3 X

Figure 58.10
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(a) The required area is shown shaded in Fig. 58.10.

3 3 2,3 3
Area:/ ydx:/ 2x2dx=|:i}
0 0 3 1o

= 18 square units

(b) (1) When the shaded area of Fig. 58.10 is revolved
360° about the x-axis, the volume generated

3 3
= / ny*dx = / 7(2x%)%dx
0 0

3 543
243
= / drxtdx = 4n[)c—:| =4 <—)

= 194.47 cubic units

(i1)) When the shaded area of Fig. 58.10is revolved
360° about the y-axis, the volume generated =
(volume generated by x = 3) — (volume generated
by y=2x%)

_ folgn@)zdy— /Olgn (%) dy
=n[)18<9— %)dy:n[9y—§:|o

= 817 cubic units

(c) Ifthe co-ordinates of the centroid of the shaded
area in Fig. 58.10 are (X, y) then:

(i) by integration,

3 3
/ xy dx / x(2x2) dx
0 0

X = =

3 18
f ydx
0

e [5]
2x7dx —
4 81
= 20 = 0 - —- =225
18 18 36
13 13
—/ yzdx —[ (2x2)2dx
__2Jo 2 )
YT T3 - 13

(i1) using the theorem of Pappus:
Volume generated when shaded area is revolved
about Oy = (area)(27Xx)

ie. 81m = (18)(2mx),
1
from which, X = 8_71 =2.25
36w

Volume generated when shaded area is revolved
about Ox = (area)(2mwy)

ie. 19447 = (18)(27y),
194.4
from which, y= T_ 54
367

Hence the centroid of the shaded area in
Fig. 58.10 is at (2.25, 5.4)

Problem 9. A cylindrical pillar of diameter

400 mm has a groove cut round its circumference.
The section of the groove is a semicircle of diameter
50 mm. Determine the volume of material removed,
in cubic centimetres, correct to 4 significant figures

A part of the pillar showing the groove is shown in

Fig. 58.11.

The distance of the centroid of the semicircle from

. . 4r 4(25) 100

its base is — (see Problem 7)= —— = — mm
3 3 3

The distance of the centroid from the centre of the

) 100
pillar = <200 - —) mm.
3

Figure 58.11
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The distance moved by the centroid in one revolution

1 2
=2m (200 — —00 = {4007 — —00 mm.
3 3

From the theorem of Pappus,
volume = area x distance moved by centroid

1 200
= (Enzsz) (4007r - T) = 1168250 mm’>

Hence the volume of material removed is 1168 cm?
correct to 4 significant figures.

Problem 10. A metal disc has a radius of 5.0 cm
and is of thickness 2.0 cm. A semicircular groove of
diameter 2.0 cm is machined centrally around the
rim to form a pulley. Determine, using Pappus’
theorem, the volume and mass of metal removed
and the volume and mass of the pulley if the density
of the metal is 8000 kg m—3

A side view of the rim of the disc is shown in Fig. 58.12.

2.0cm
Q

P

/

5.0cm

Figure 58.12

When area PQORS is rotated about axis XX the vol-
ume generated is that of the pulley. The centroid of

4r
the semicircular area removed is at a distance of —

L . 41.0)
from its diameter (see Problem 7), ie. ——, i.e

0.424 cm from PQ. Thus the distance of the jgentroid
from XX is (5.0 —0.424), i.e. 4.576 cm. The distance
moved through in one revolution by the centroid is
2(4.576) cm.

Area of semicircle

2 2 2

By the theorem of Pappus, volume generated
=area x distance moved by centroid

— (%) (277)(4.576)

r? _ 7(1.0)2 L)

i.e. volume of metal removed = 45.16 cm®
Mass of metal removed = density x volume

45.16 ;4

——m
100

=0.3613kg or 361.3¢g

= 8000 kgm™> x

Volume of pulley = volume of cylindrical disc
— volume of metal removed

= 7(5.0)%(2.0) — 45.16 = 111.9 cm?
Mass of pulley = density x volume

111.9 4
m
106
= 0.8952kg or 895.2 ¢

=8000kgm™ x

Now try the following exercise

Exercise 200 Further problems on the
theorem of Pappus

1. A right angled isosceles triangle having a
hypotenuse of 8 cm is revolved one revolution
about one of its equal sides as axis. Deter-
mine the volume of the solid generated using
Pappus’ theorem. [189.6cm?]

2. A rectangle measuring 10.0 cm by 6.0 cm
rotates one revolution about one of its longest
sides as axis. Determine the volume of the
resulting cylinder by using the theorem of
Pappus. [1131cm?]

3. Using (a) the theorem of Pappus, and (b) inte-
gration, determine the position of the centroid
of a metal template in the form of a quadrant
of a circle of radius 4 cm. (The equation of a
circle, centre 0, radius 7 is x> + y2 = r2).

On the centre line, distance 2.40 cm
from the centre, i.e. at coordinates
(1.70, 1.70)
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4. (a)

(b)

()

Determine the area bounded by the curve
y= 5x%, the x-axis and the ordinates
x=0and x =3.

If this area is revolved 360° about (i) the
x-axis, and (ii) the y-axis, find the vol-
umes of the solids of revolution pro-
duced in each case.

Determine the co-ordinates of the cen-
troid of the area using (i) integral calcu-
lus, and (ii) the theorem of Pappus

(a) 45 square units (b) (i) 12157
cubic units (ii) 202.57 cubic units
(c) (2.25, 13.5)

5. A metal disc has a radius of 7.0 cm and is
of thickness 2.5 cm. A semicircular groove of
diameter 2.0 cm is machined centrally around
the rim to form a pulley. Determine the vol-
ume of metal removed using Pappus’ theorem
and express this as a percentage of the origi-
nal volume of the disc. Find also the mass of
metal removed if the density of the metal is
7800 kg m—>.

[64.90 cm?, 16.86%, 506.2 g]



Chapter 59

Second moments of area

59.1 Second moments of area and

radius of gyration

The first moment of area about a fixed axis of a lamina
of area A, perpendicular distance y from the centroid
of the lamina is defined as Ay cubic units. The second
moment of area of the same lamina as above is given by
Ay?, i.e. the perpendicular distance from the centroid of
the area to the fixed axis is squared. Second moments of
areas are usually denoted by I and have limits of mm?*,
cm?, and so on.

Radius of gyration

Several areas, aj,a»,as,... at distances yi,y2,y3,. ..
from a fixed axis, may be replaced by a single area
A, where A=a; +ap + a3z + - - - at distance k from the
axis, such that Ak? = Zayz. k is called the radius
of gyration of area A about the given axis. Since

1
Ak? = 3" ay? =1 then the radius of gyration, k = \/;

The second moment of area is a quantity much used in
the theory of bending of beams, in the torsion of shafts,
and in calculations involving water planes and centres
of pressure.

59.2 Second moment of area of

regular sections

The procedure to determine the second moment of area
of regular sections about a given axis is (i) to find the
second moment of area of a typical element and (ii)
to sum all such second moments of area by integrating
between appropriate limits.

For example, the second moment of area of the rect-
angle shown in Fig. 59.1 about axis PP is found by
initially considering an elemental strip of width dx, par-
allel to and distance x from axis PP. Area of shaded

strip = béx. Second moment of area of the shaded strip
about PP = (x%)(bsx).

P
| / K
|
¢
X V] k
|
| X
Pl

Figure 59.1

The second moment of area of the whole rectangle
about PP is obtained by summing all such strips between
x=0and x=/, ie. Zﬁj) x%béx. Tt is a fundamental
theorem of integration that

x=l 1
limit ) x?hsx = / x*bdx
6x—0 0
x=l
Thus the second moment of area of the rectangle about
l 217 BB
PP=b x2dx=b[— =—
0 3Jo 3

Since the total area of the rectangle, A = [b, then

2 Al?
r=\3)="7%
2

[
Iy = Ak;p thus kgp = 3

i.e. the radius of gyration about axes PP,
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59.3 Parallel axis theorem

In Fig. 59.2, axis GG passes through the centroid C of
area A. Axes DD and GG are in the same plane, are
parallel to each other and distance d apart. The parallel
axis theorem states:

Ipp = I + Ad*

Using the parallel axis theorem the second moment of
area of a rectangle about an axis through the centroid

may be determined. In the rectangle shown in Fig. 59.3,
3

Ipp = —— (from above). From the parallel axis theorem
3

l 2
Iy =1+ (bl) <§>

Figure 59.2
. b et bl
1.€. _— = —_—
3 99Ty
b b b
from which, Igg=—— —=—-——=
3 4 12
Py G
L2 12
r f |
b : d
™~ e
e b
% \\
| ~
ol T
| & |
pl Gl
Figure 59.3

59.4 Perpendicular axis theorem

In Fig. 59.4, axes OX, OY and OZ are mutually perpen-
dicular. If OX and OY lie in the plane of area A then the
perpendicular axis theorem states:

Ioz = Iox + Loy

Figure 59.4

59.5 Summary of derived results

A summary of derive standard results for the sec-
ond moment of area and radius of gyration of regular
sections are listed in Table 59.1.

Table 59.1 Summary of standard results of the sec-
ond moments of areas of regular sections

b [
Rectangle (1) Coinciding withb — —
3 V3
length / 3 b
breadth b (2) Coinciding with/ — —
3 V3
(3) Through centroid b !
parallel to b - vi2
(4) Through centroid 7 b
u . = —
parallel to / L2 V12
. o . bh? h
Triangle (1) Coinciding with b = —
Perpendicular R Vo
i bh h
Eelghl: h (2) Through centroid, 36 —_—
ase parallel to base v18
(3) Through vert e h
rough vertex, = =
parallel to base & V2
. mrt r
Circle (1) Through centre, - —
radius r perpendicular V2
to plane (i.e.
polar axis)
4
(2) Coinciding n’Tr %
with diameter
Surt 5
(3) About a tangent il £ r
4 2
90 L mrt r
Semicircle Coinciding = 3
radius r with diameter
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59.6 Worked problems on second

moments of area of regular
sections

Problem 1. Determine the second moment of
area and the radius of gyration about axes AA, BB
and CC for the rectangle shown in Fig. 59.5.

/=12.0 cm =
(<2 RNl |
7T T~ b=4.0cm
B B
|A

Figure 59.5

From Table 59.1, the second moment of area about axis

b3 (4.0)(12.0)
AA, Iqp = 5= # =2304 cm?

Radius of gyration,

l 12.0
—— =6.93cm

k = —— =
MTBTB
@ _ (12.0(4.0
3 3

b 4.0
— =231cm

o= 5=/

The second mg)ment of area about the centroid of a

Similarly,  Ipp = =256 cm*

and

rectangle is — when the axis through the centroid is
parallel with the breadth, b. In this case, the axis CC is
parallel with the length /.

b (12.0)4.0%

H Icc=—=—"""" = 64cm*
ence cc=1; B 64 cm
b 4.0
and kcc = — = —=115cm
V12 V12

Problem 2. Find the second moment of area and
the radius of gyration about axis PP for the
rectangle shown in Fig. 59.6

40.0 mm
G S, _=- G
T oo = [115.0 mm
25.0 mm
=
P P

Figure 59.6

3
I = - where [ =40.0mm and b=15.0mm

(40.0)(15.0)°
12
From the parallel axis theorem, Ipp=I5G +Ad2,
where A=40.0 x 15.0=600mm? and d=25.0+

7.5=32.5mm, the perpendicular distance between
GG and PP.

Hence Igg = =11250 mm*

Hence, Ipp = 11250 + (600)(32.5)>
= 645000 mm*
Ipp = Akzp
. Ipp
from which, kpp =, —
area

1645 000
= = 2.7
00 32.79 mm

Problem 3. Determine the second moment of
area and radius of gyration about axis QQ of the
triangle BCD shown in Fig. 59.7

12.0cm

j—1
8.0cm 6.0 cm

Figure 59.7

Using the parallel axis theorem: Ipp=Igc +Ad?,
where Igg is the second moment of area about the
centroid of the triangle,

3 3
i.e. % = M =384cm*, A is the area of

36 36

the triangle = $bh = 3(8.0)(12.0) =48 cm? and d is the
distance between axes GG and QQ =6.0 + %(12.0) =
10cm.
Hence the second moment of area about axis QQ,

Igp = 384 + (48)(10)* = 5184 cm*

Radius of gyration,

g [5184
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Problem 4. Determine the second moment of
area and radius of gyration of the circle shown in
Fig. 59.8 about axis YY

G G
Y Y
Figure 59.8

i ot o, PR
In Fig. 59.8, Igg= e =Z(2.0) =4m cm”. Using

the parallel axis theorem, Iyy =Igg +Ad?, where
d=3.04+2.0=5.0cm.
Iyy = 47 + [7(2.0)%](5.0)

= 47 + 1007 = 1047 = 327 cm*

Hence

Radius of gyration,

Iyy
kyy =\ — =
area

Problem 5. Determine the second moment of
area and radius of gyration for the semicircle shown
in Fig. 59.9 about axis XX

1047
ST /26 = 5.10
7(2.0)2 om

X X

Figure 59.9

T

. . . 4r L
The centroid of a semicircle lies at Im from its diameter.

Using the parallel axis theorem: I = IgG + Ad?,

wrt
where Ipp = ?(from Table 59.1)
10.0y*
— M — 3927 mm4,
8
2 2
10.0
A= OO e m?
2 2
4r  4(10.0)
and d=—= = 4.244mm
3r 3r
Hence 3927 = Igg + (157.1)(4.244)?
ie. 3927 = Igg + 2830,

from which, Igg = 3927 — 2830 = 1097 mm*

Using the parallel axis theorem again:
Ixx = I +A(15.0 +4.244)?
i.e. Ixy = 1097 4+ (157.1)(19.244)?

=1097 +58 179 = 59276 mm* or 59280 mm?, cor-
rect to 4 significant figures.

I 59276
Radius of gyration, kxy = ,/ XX o 2222
area 157.1

= 19.42 mm

Problem 6. Determine the polar second moment
of area of the propeller shaft cross-section shown in
Fig. 59.10

6.0 cm
7.0 cm

Figure 59.10

4

) r
The polar second moment of area of a circle=—.
The polar second moment of area of the shaded area is
given by the polar second moment of area of the 7.0 cm
diameter circle minus the polar second moment of area
of the 6.0 cm diameter circle. Hence the polar second
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moment of area of the

. 7 (1T0\* 7 /6.0\*
Cross-section ShOWH = — | — _ — | —
2\ 2 2\ 2

=235.7 —127.2 = 108.5 cm*

Problem 7. Determine the second moment of
area and radius of gyration of a rectangular lamina
of length 40 mm and width 15 mm about an axis
through one corner, perpendicular to the plane of
the lamina

The lamina is shown in Fig. 59.11.

Figure 59.11
From the perpendicular axis theorem:

Iz77 = Ixx + Iyy
b (40)(15)°

hox = =3 5= 45000 mm*
b3 15)(40)3
and  Iyy = 5= % = 320000 mm*

Hence Izz = 45000 + 320000
= 365 000 mm* or 36.5 cm*

Radius of gyration,

Izz 365000
area | (40)(15)

= 24.7mm or 2.47 cm

kzz =

Now try the following exercise

Exercise 201 Further problems on second
moments of area of regular
sections

1. Determine the second moment of area and
radius of gyration for the rectangle shown in

Fig. 59.12 about (a) axis AA (b) axis BB, and
(c) axis CC.
(a) 72cm*, 1.73cm
(b) 128 cm®, 2.31cm
(c) 512cm®, 4.62cm

|B 1C
8.0cm !
le————+—>!
A S~oi_ -7 A
T~ 3.0cm
|
| |
B xe

Figure 59.12

Determine the second moment of area and
radius of gyration for the triangle shown in
Fig. 59.13 about (a) axis DD (b) axis EE, and
(c) an axis through the centroid of the triangle
parallel to axis DD.

(a) 729 cm*, 3.67 cm

(b) 2187 cm*, 6.36.cm

(c) 243 cm?, 2.12cm

Figure 59.13

For the circle shown in Fig. 59.14, find the
second moment of area and radius of gyration
about (a) axis FF, and (b) axis HH.

(a) 201 cm?*, 2.0cm
(b) 1005 cm?, 4.47 cm

Figure 59.14

For the semicircle shown in Fig. 59.15, find the
second moment of area and radius of gyration
about axis JJ. [3927 mm*, 5.0 mm]
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Figure 59.15

5. Foreach of the areas shown in Fig. 59.16 deter-
mine the second moment of area and radius of
gyration about axis LL, by using the parallel

axis theorem.
(a) 335cm*, 4.73¢cm

(b) 22030 cm?, 14.3cm
(c) 628 cm*, 7.07 cm

(@) (b) (c)

> o™
15¢cm 15 cm 0‘\3./
5.0cm
[ S— |
~ 18 cm (10 cm 5cm
¢2.0 cm v
L L

Figure 59.16

6. Calculate the radius of gyration of a rectan-
gular door 2.0 m high by 1.5 m wide about a
vertical axis through its hinge. [0.866 m]

7. A circular door of a boiler is hinged so that

it turns about a tangent. If its diameter is

1.0 m, determine its second moment of area
and radius of gyration about the hinge.

[0.245m*, 0.599 m]

8. A circular cover, centre 0, has a radius of
12.0 cm. A hole of radius 4.0 cm and centre X,
where OX = 6.0 cm, is cut in the cover. Deter-
mine the second moment of area and the radius
of gyration of the remainder about a diameter
through O perpendicular to OX.

[14 280 cm*, 5.96 cm]

59.7

Worked problems on second
moments of area of composite

areas

Problem 8. Determine correct to 3 significant
figures, the second moment of area about XX for
the composite area shown in Fig. 59.17

Figure 59.17

art 74.0)*

For the semicircle, Ixy = T

8

=100.5cm*

b?  (6.0)8.0)°

For the rectangle, Ixy = 3= %
= 1024 cm*

For the triangle, about axis 77T through centroid Cr,

P bk (10)(6.0)°

=3~ 36

By the parallel axis theorem, the second moment of area
of the triangle about axis XX

=60+ [%(10)(6.0)] [8.0 + %(6.0)]2 = 3060 cm*.

Total second moment of area about XX.
=100.5 + 1024 + 3060 = 4184.5 = 4180 cm*, correct
to 3 significant figures

60 cm*

Problem 9. Determine the second moment of
area and the radius of gyration about axis XX for
the /-section shown in Fig. 59.18

iS
- 8.0=cm ~
icp 13.0cm
A,
3.0cm | l«— /
'}c— 7.0cm

O
<|
I
I
9
o
N
o
(o]
3

>

X <

Figure 59.18
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The I-section is divided into three rectangles, D, E
and F and their centroids denoted by Cp, Cr andCr
respectively.

For rectangle D:
The second moment of area about Cp (an axis through
Cp parallel to XX)

b (8.0)3.0°
212

18 cm*

Using the parallel axis theorem: Ixy = 18 + Ad”> where
A=(8.0)3.00=24cm? andd = 12.5cm

Hence Ixy = 18 +24(12.5)> = 3768 cm*

For rectangle E.
The second moment of area about Cg (an axis through
CE parallel to XX)

_ bl (3.0)(7.0

= — 85.75cm*
2 2 85.75cm

Using the parallel axis theorem:
Ixx =85.75 +(7.0)(3.0)(7.5)* = 1267 cm*
For rectangle F:

b_13 _(15.0)(4.0)°
3 3

Ixxy = = 320 cm*

Total second moment of area for the I-section about
axis XX,
Ixx = 3768 + 1267 + 320 = 5355 cm*
Total area of /-section
=(8.0)(3.0) + (3.0)(7.0) + (15.0)(4.0) = 105 cm?.
Radius of gyration,

[ Ixx /5355
kvy = | 22 — [Z7"° _714cm
XX area 105 ¢

Now try the following exercise

Exercise 202 Further problems on section
moment of areas of composite
areas

1. For the sections shown in Fig. 59.19, find
the second moment of area and the radius of
gyration about axis XX.

(a) 12190 mm*, 10.9 mm
[(b) 549.5cm*, 4.18cm }

(a) (b)
- 18.0mm 6.0cm
3.0mm
2.0cm
12.0 mm 2.5 cm—| [
3.0cm
i S
X 4.0mm X 2.0cm
X X

Figure 59.19

2. Determine the second moment of area about
the given axes for the shapes shown in
Fig. 59.20. (In Fig. 59.20(b), the circular area
is removed.)

Ing = 4224cm®,  Igg = 6718 cm?,
|:Icc = 37300cm?* }

3.0cm
>

16.0cm

15.0cm

(a) (b)
Figure 59.20

3. Find the second moment of area and radius of
gyration about the axis XX for the beam section
shown in Fig. 59.21.  [1350cm®, 5.67 cm]

I
6.0ilcm
. | —
| 1.0cm
| ]
2.0cm l
I
: 8.0cm
I
I
I
I
| v2.0cm
X | ' >| X
10.0cm
|
Figure 59.21
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Revision Test 16

This Revision test covers the material contained in Chapters 55 to 59. The marks for each question are shown in
brackets at the end of each question.

1.

The force F newtons acting on a body at a dis-
tance x metres from a fixed point is given by:
F =2x+3x%. If work done= f; > Fdx, deter-
mine the work done when the body moves from
the position when x = 1 m to that when x =4 m.

“4)
Sketch and determine the area enclosed by the

0
curve y=3sin 2’ the #-axis and ordinates 6 =0

2
and ===, “4)
3
Calculate the area Dbetween the curve
y=x3 — x? — 6x and the x-axis. (10)

A voltage v =25 sin 507t volts is applied across
an electrical circuit. Determine, using integration,
its mean and r.m.s. values over the range ¢ =0 to
t =20 ms, each correct to 4 significant figures.
(12)

Sketch on the same axes the curves x> =2y and
y?> = 16x and determine the co-ordinates of the
points of intersection. Determine (a) the area
enclosed by the curves, and (b) the volume of the
solid produced if the area is rotated one revolution
about the x-axis. (13)

Calculate the position of the centroid of the sheet
of metal formed by the x-axis and the part of the
curve y = 5x — x% which lies above the x-axis.

)

A cylindrical pillar of diameter 500 mm has a
groove cut around its circumference as shown in
Fig. R16.1. The section of the groove is a semicir-

cle of diameter 40 mm. Given that the centroid of

. . . 4r
a semicircle from its base is 3—, use the theorem
T

N G N

500 mm

~

40mm

250 mm

Figure R16.1

of Pappus to determine the volume of material
removed, in cm3, correct to 3 significant figures.

@®)

For each of the areas shown in Fig. R16.2 deter-
mine the second moment of area and radius of

gyration about axis XX. (15)
(a) (b) (c)
48 mm
I @ 15.0mm 15.0mm
70 mm ‘
lP18.0 mm
125 mm 4.0cm 5.0mm
X X
Figure R16.2

A circular door is hinged so that it turns about a
tangent. If its diameter is 1.0m find its second
moment of area and radius of gyration about the
hinge. 4)



